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PLANE TRIGONOMETRY, 



CHAPTER I. 



ON THE METHOD* OF REPRESENTING LIKES AND ANGLES^ 
AND ON THE DIVISIONS OF ANGLES. 

1. The magnitudes of lines may he represented by 
algebraical quantities. 

To measure a line we find how many times it contains a 
fixed and definite line, as an inch or a yard, which has been 
previously fixed on as the unit of length. Thus, if an inch 
be taken as the unit of length, we say that a line is 30, if 
it contain an inch thirty times ; and in like manner we call 
a line a, if it contain the unit of length a times. 

2. If lines drawn in a given direction from a fixed line 
be represented by positive quantities^ then those which are 
drawn from that line in a contrary direction will be repre- 
sented by negative quantities. 

If to a line AB measured from 
A towards the right of the fixed 
line Ay it be required to add a 
given line, it is evident that AB ^ 
must be produced to a point C 
such that BC shall be equal to 



B 

— t- 



that given line, — and if from AB we have to take a given 
line, we must cut off from BA a part BC equal to the given 
line, and AC will be the required remainder. 

Let AB be represented by a, and BC by 6, and make 
BC^BC; then 

AC+CB^AB; 

,', AC :=AB-CB^a-b. 



c 



Now if b be greater than a, C lies on the other side of A. 
And AC-a — b^ —(6 — 0), which is a negative quantity 
equal in magnitude to the dif- 
ference of the lines b and a; 
which difference we see lies in 
this case to the ]eft of Ay, 

Hence, if a line be represented by a negative quantity, 
it is meant that it is measured from Ay in 9l direction contrary 
to that in which the lines represented by positive quantities 
were measured. 

3. Let XAX', YAT be 
two fixed lines at right angles to 
each other, and produced, if ne- 
cessary, indefinitely. Then the 
position of any point P, in the 
plane of these lines is known, 
if we know the magnitudes of 
the perpendiculars let fall from 
Pi upon the lines XAX' and 
YAY, viz. PiJNTi and P^M (or 
-4jYi, which is equal to P\M). 

AN,, NjPi, are called the co-ordinates of Pj referred 
to the rectangular awes AX and AY. 

With respect to lines measured from A in the direction 
of the axis XAX\ it is usual to call those positive which 
are measured to the right of the axis YAY\ and therefore 
those will be negative which are measured to the left of YAY^. 

With respect to lines measured in the direction of YAY' 
it is usual to call those positive which lie on the upper side of 
XAX\ and therefore those will be negative which lie on the 
lower side of XAX', 

Thus if Pi be a point in the space contained by AX and 
AY, its ordinate AN^ which is measured in the direction 
of XAX' is positive^ because it lies to the right of YAY'; 
and its ordinate i^iPi measured in the direction of YAY' 
is positive J because it lies on the upper side of XAX'. But 





if Ps be the point, its ordinate ANf^ measured in the direc- 
tion of XAX' is negatwe<i because it lies to the left of 
YAY^ \ and the ordinate N^P^ measured in the direction of 
YAY is positive, because it lies on the upper side of XAX\ 

Similarly, the ordinates of P^ and P^ measured in the 
direction of XAX' are negative and positive respectively; 
and their ordinates measured in the direction of YAY' are 
negative in both cases. 

4. Def. If a straight line revolve in one plane round its 
extremity A from a given position as 
AB into any other position as AC, the 
inclination of AC to AB is called an 
angle (z); and the angle is signified ^^ 
by the letters BAC or CAB, the middle 
letter being that placed at the point 
in which the two lines meet. 

By continuing this revolving motion, we may suppose 
the angle to become of any magnitude whatever. 

5. Def. If AD be equally inclined to the parts AB, 
AB' of the straight line Bff, each of the angles BAD, B!AD 
is called a right angle. 

6. Def. An acute angle is less, and an obtuse angle 
is greater, than a right angle. 

7- If the angles formed by AC revolving in one direc- 
tion, as BCD, from AB be considered positive, then if AC 
revolve in the contrary direction from AB it will form 
negative angles. 

If to the angle BAC, Fig. Art. 4, it be required to add a 
given angle, CA must move in the direction BCD through an 
angle CAE equal to the given angle, and the whole BAEi 
will be the angle required. And if it be required to take 
a given angle from BAC, CA must evidently move in the 
contrary direction till it come into a position E^A, such that 
/. CAE^ is equal to the angle to be subtracted. 

Then z CAE ^^ L ETAB = i BAC; 
.-. z E'AB « z BAC - / CAE". 




Now if jlCAE be greater than 
/.CABi E'J lies on the other side of 
JB, 

and lHAB^lBAC-lCAE 

^^iLCAE ^ iBAC), 

a negative quantity, whose magnitude is the difference be- 
tween the angles CAE and BAC; which difference, we see, 
lies in this case on the lower side of AB. 

Hence, by calling an angle negative^ we mean that it is 
formed by the revolving line moving in a direction con- 
trary to that in which it revolved to trace out positive 
angles. 

8. A right angle is divided by the English into 90 equal 
angles which are called degrees ; a degree into 60 minutes ; a 
minute into 60 seconds ; a second into 60 thirds ; and so on to 
fourths, fifths, &c. And in the same manner as the length 
of a given line is determined by finding how many times it 
contains the unit of length, (as a yard), and its subdivisions, 
(viz. feet and inches) — so the magnitude of an angle is deter- 
mined by finding how many times it contains a degree and its 
subdivisions. 

A degree and its subdivisions are thus marked, 24°, 50'^ 
34t'\ 4i2'^'; which denotes an angle containing 24 degrees, 50 
minutes, 34 seconds, and 42 thirds. 

In practice the subdivisions of the angle beyond seconds 
are not commonly used ; if very great accuracy be required, 
the subdivisions beyond seconds are expressed in decimal 
parts of a second: thus since 

42'"=^ of 1"=. — = 7", 
60 60 

the angle above might have been written 24", 50', 34"-7. 



9. By the French and other Continental Mathematicians, 
a right angle is divided into 100 equal angles called grades ; a 
grade into 100 minutes; a minute into 100 seconds; and so 
on ; and the divisions are thus marked, 26^, 24^ 32**, 47"\ 

1^ 
Now since 1* = — = '01^ 

100 

l' 1^ 

l" = — « «r -0001^ 

100 10000 



1" 1^ 



1 = = = -000001^. 

100 1000000 

The above angle might have been written 26^'243247. 

Whence it appears that if the French division be adopted, 
arithmetical operations can be performed on angles in the same 
manner as on any other decimal fractions ; an advantage which 
does not attend the English division of the angle. 

■"^lO. To find the relation between E and F, the number 
of degrees and grades contained in the same angle BAC. 
(Art. 14. Fig. 1.) 

In the English division, 

£0 _ given z 5^C 
90^ "" right z ' 

In the French division, 

F^ ^ given ABAC 
100^" right z ' 

E F 

90 ~ 100 ' 

9 F 
.-. E^ — F^F , 

10 10 

10 E 

and F^—E^E^t — ' 

9 9 



Ex. 1. To find how many degrees and minutes are con- 
tained in the angle 42^, 34f\ 56^\ 

F » 42.3456 

P 

— = 4.23456 

10 



F 

.-. E^F = 38.11104 

^^ 60 



6.6624 
60 



39.744 
.-. £ = 38°, 6', 39".74, 

retaining the tenths and hundredths and neglecting the thovr- 
sandth parts of a second. 

Ex. 2. Find how many grades and minutes are contained 
in the angle 24°, 51', 45". 

First reducing the minutes and seconds to the decimal 
parts of a degree, 

60) 45". 
60^ 51' .75 



.8625 
.\ £ = 24.8625 

— = 2.7625 
9 

E 

.-. £ + — = 27.6250 

9 
and .♦. F=27^ 62', 5&\ 



11. Def. The complement of an angle is its defect from 
a right angle. 

Thus 

90f^ - 24^, 32' = 65^^ 28' is the complement of 24®, 32'. 

90<> - 110°, 15' = - (20°, 15') is the complement of ll(y>, 15'. 

12. Def. The supplement of an angle is its defect from 
two right angles. 

Thus 180° - 5©>, 20' « 123°, 40' is the supplement of 56°, 20'. 

180° - 186°, 12' = - (©>, 12') is the supplement of 186», 12'. 

A few examples to each chapter are placed after the 
third appendix. 



CHAPTER II. 

OF SONIOMETRICAL FUXCTIONS OP ONE ANGLE^ AND SOME FORMULA 

CONNECTIIffO THEM WITH EACH OTHER. 



13. Def. Plane Trigonometry, in its original mean- 
ing, implies the measuring of plane triangles ; — ^in its extended 
signification, it treats of the formulae connecting the relations 
of angles with each other, and of the solution of plane recti- 
lineal figures. 

14. Let a straight line revolve from the fixed line j4£ 
round the point A 9 in the direction of the letters B, Z>, ^, D'y. 
and let there be A degrees in the angle BAC 




D 



B Bl 



K" 



jy 



Di 



M 



w y 




jB b: 



N B 



D' 




From any point C in AC draw CN at right angles to ABy , 
produced if necessary, and through A draw DAD' perpen- 
dicular to AB, 

Now, for the reasons given in Arts. 2 and 3, in these 
figures the signs of NC are + , + , — , - respectively, and 
those of AN are +, -, -, + respectively. 

15. Definitions. See the figures of the last Article. 

NC NC 

1. -7^ is the sine of the aBAC\ or, sin jlBAC = 



AC 

AN . 



AC 

AN 



2. -— is ihe cosine oi the Zi?-4C; or, cosz.BAC - 

NC NC 

%. -rrz is the tangent of the z BAC; or, tan z BAC = 



AN 



AN 



9 

AC AC 

4. — is the secant of the z BAC ; or, sec z BAC = . 

AN AN 

5. 1 - cos z BAC is the versed sine of the z BAC; 

or, versin z 5-4C = 1 — cos z BAC ; 

6. The tangent of the complement of the z BAC is 

called the cotangent of the z BAC; 

or, cot z S^C = tan (90^ - z flJC). 

Cob. Since, if 90® - z jBJC be the original angle, its 
complement is z BAC, Art. 11 ; we have by this definition, 

cotan (90^ - z BAC) = tan z SJC, 

or, tan iBAC=^ cotan (90® -ABAC). 

7. The secant of the complement of the A BAC ia caUed 

the cosecant of the z BAC ; 

or, cosec z5^C = sec (90^ - lBAC.) 

CoE. Since if 90®- ABAC be the original angle, its 
complement is ABAC, Art. 11, we have by this definition, 

cosec (90° - z BAC) = sec z BAC ; 

or, sec z BAC = cosec (90° - z BAC). 

8. The versed sine of the supplement of the Z jB^C is called 

the suversine of the z BAC ; 

or, suversin z BAC = versin (180° - Z ^^C).j 

16. The cosine of z fi-4C might have been defined to be 
the sine of the complement of ABAC 

AN 
For cos z BAC = -— = sin z ACN = sin (90° - z S^C). 

JVC 

Also, sin z SJC =x -— = cos z ACN = cos (90° - z JB^C), 

or ^^ sine of an angle is equal to the posine of its complement. 

In the following pages we shall for the sake of conveni- 
ence indicate an^angle by a single letter, as sin A, cos Ay tan B. 

B 
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17. Sin A, cos A, tan A... are proper measures to deter- 
mine the magnitude of an angle, since so long as the angle 
A remains the same, they are invariable whatever be the 
magnitude of AC. 

Let D be any other point in AC, DM perpendicular to AB. 



Then by definition, 

sin^ 



or sin A « 



NC 

MP 
AD 




But by similar triangles 



NC MD 



N M B 



; or sin A is the same 



AC AD 

wherever in the line AC the point C be situated; — similarly 
it may be shewn that cos ^, tan^, sec ^... are invariable 
quantities so long as the magnitude of A remains unaltered. 

Hence, if any of the quantities sin^, cos^, tan^, sec^... 
be given, the angle A may be determined. 

Ex. I. Required to determine the angle whose sine is -. 

Take any line AB and describe upon it a semicircle. 
Prom AB cut off the part BE equal to one third of AB, 
(Euclid VI. 9.), and with center A and radius AE describe a 
circle cutting ACB in C; join AC and CB. 

Then the angle ACB, being in a semi- 
circle, is a right angle, and 



sin ABC = 



CA AE 2 




AB AB 3' 

Wherefore ABC is the angle required. 

4 
Ex. 2. Required the angle whose tangent is -. 

Let a be any line and take AN - 5 a, (fig. 1. Art. 20.) 
Draw NC at right angles to AN, and let it; « 4a : join AC. 
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NC 4ia 4 
Then tan CJN^ -jzrz = — = - ; 

JN 5a 5 

Wherefore NAC is the angle required. 

18. Def. a quantity or expression of calculation is 
called a ftmction of a quantity^ if its value depend in any 
manner on the value of that quantity. 

Since the magnitudes of the sine, the cosine, the tangent^ 
&c. of an angle depend on the magnitude of the angle, they 
axe functions of the angle; and when hereafter we make use 
of the term, " the goniometrical functions of an angle ^, we 
mean those functions which are defined in Art. 15. 

19. To ewpress versin A, cot A, cosec A, in terms of the 
sides of the triangle ANC. (Fig. 1. Art. 20.) 

NJ 

(1) Versin -4 = 1- cos ^ = 1 — — - . 

AC 

(2) Cot A = tan (90^ - A) 

= tan ACN 

NA 



CN 
(3) Cosec J = sec (90® - A) 

= sec ACN 

CA 

'' CN 



, by def. of the tangent. 



, by def. of the secant. 



20. To trace the variation in the signs o/* sin A, cos A, 
tan A, sec A, as A increases from 0® to S60®. 

NC 

(1) Sin A = -J— , and therefore has the same sign in any 

case as NC has. 

Hence, (Art. 14.) sin A is positive if A be between (fi and 
180°, (figs; 1, 2.) ; and it is negative if A be between 180® and 
360°. (Figs. 3, 4.) 

AN 

(2) Cos A = -j7^> and therefore has the same sign as AN. 

Hence, (Art. 14.) cos A is positive if A be between 0® and 
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90®, or between 270^ and 36o\ (figs. 1, 4.) ; and it is negative 
if A be between 90° and 270^. (Figs. 2, 3.) 

D 



ai 



D' 




B B' 




N 



D' 



JB^^ 




3 BT 



D' 




iVTC 



(3) Tan il = — - , and is therefore positive or negative 

according as NC and AN have the same or different signs. 

Hence, (Art. 14.), tan A is positive, if A be between 0° and 
90^ or 180° and 270°, (figs. 1, 3.); and it is negative, if A be 
between 90^ and 180°, or 270° and 360°. (Figs. 2, 4.) 

AC 

(4) Sec A = -J-J9 and therefore has the same sign as AN. 

Hence sec A is positive if A be between 0° and 90°, or 
between 270° and 360°; and it is negative if A be between 
90° and 270°. 

21. To trace the variations in the magnitudes of the 
sine, cosine, tangent, and secant, as the angle increases from 
0° to 360°. (Figs. Art. 20.) 

Since (Art. 17.) the values of the sine, cosine, tangent, and 
secant are not affected by the magnitude of AC, we will sup- 
pose this line to remain of the same magnitude while z A 
increases from 0® to 360°. 

Now (fig. 1.) as AC revolves from the position AB into 
the position AD, NC increases from to AC, and is positive; 
and AN decreases from ^C to 0, and is positive. 

As (fig. 2.) AC revolves from the position AD into the 
position AB', NC decreases from ^C to 0, and is positive; 
and AN increases from to AC, and is negative. 

As (fig. 3.) AC revolves from AB' to AD', NC increases 
from to AC, and is negative ; and AN decreases from AC 
to 0, and is negative. 
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As (fig. 4.) AC revolves from AD' to AB, NC decreases 
from AC to 0, and is negative ; and AN increases from to ^C, 
and is positive. 

Hence we collect, that as 



A changes &om 



Sin^ 



\ACj" 



Cos A (^). 

NC 



Tan A 



Sec A 



\ANr 

\an)" 



0° to 90* 



, +AC 
to 



AC AC 

+AC 
AC 





AC 
+AC 



+AC 
AC 




AC 






+AC'" 



90^ to 180" 



180° to 270" 



+AC^ 
to 



AC 




AC 
-AC 



AC" AC 
+AC 



• 
AC 



-AC 
AC 



'"-AC 



-AC 
IC^ AC 

-AC 



AC" AC 
-AC 



-AC" 

AC A£ 
-AC" 



270° to 360° 



-AC^ 
to 



AC 
+AC 



AC 



AC" AC 

-AC 



"+AC 
AC AC 



"'+AC\ 



These changes in sign and magnitude of the sine, co- 
sine, tangent, and secant, may therefore be thus exhibited, 
the signs of the functions in each right angle being written 
in a bracket. The symbol oo represents an infinitely large 
quantity. 



A being 1 
between/ 

sin^ 


0° and 90° 


90° and 180° 


180° and 270° 


270° and S60° 


Oand 1,(+) 


1 and 0, (+) 


and -1, (-) 


-1 and 0, (-) 


cos^ 


1 ... 0, (+) 


. . -1, (-) 


-1 ... o,(-) 


... 1, (+) 


tan^ 


. . . 00, (+) 


00 . . . 0, (-) 


. . . 00, (+) 


00 ... 0,(-) 


sec A 


1 . . . 00, (+) 


oo..-l,(-) 


-1 ... oo,(-) 


00 ... 1, (+) 



Since cos A is never greater than unity, versin A 
(or 1 — cos A) is always positive ; and its greatest value is 
when A becomes 180^, or cos il becomes -1, in which case 
versin A becomes 2. 
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22. To shew that 

sinA=sin(l800-A), or =- sin(l80°+A), or =- sin (360° -A), 
or = — sin (— A). 

Let BJC^ = ^ = B'JCft = B'JCs = BAC^ ; 

and JCi = JC2 = JQ = AC^. - ^ 

Join C1C4, and C2C3. 

Then the angles at M and JV^ are 
right angles, and JVC,, -JfCj, JfCi, 
JNTCi are equal in magnitude ; as are 
also AN and AM. 




Now, sin A = 



— sin BAC2 

= sin (jB^Z> + 2>^S' - C2AB') 

= sin (1800 -J) (1). 



Again, sinj = -^ 



NC, - MQ 



8 



AC, 
AC. 



, since NCi = - AfCs, 



= - sin (BAD + DAS' + ffAC,) 
= -8in(l80» + J) (2). 

^ . . J NCi -NC, 
Again, sm^.^ = ^^ 

NC, 

AC J 

NC 
but is the sine either of the positive angle 

(S JD + DAB" + B!ABf + D'^S - BAC:^, 
or the sine of the negatwe angle BAC^, (Art. 7.) ; 

/. sin^= -sin(s600- J) (S), 

or = - sin (- A) (4). 
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23. In like manner it might be shewn that 

cos J = - cos (180° - J), 

or = -cos (180° + -4), 
or = cos (360° - A)^ 
or = cos(-^). 
So also, tan J = - tan (180° - A), 

or = tan (180° 4-^), 
or = - tan (360° - ^), 
or = — tan (--4). 
And, sec ^ = - sec (l80° - A)^ 

or = - sec (180« + ^), 
or = sec (360°-^), 
or = sec (—-4). 

24. If any angle, as BACi, ^ increased by 360^, its 
sine will clearly remain unaltered, and therefore sin^ is in 
all cases the same with sin (360° + A). In like manner, 
sin (360° + J) = sin (2 x 36(fi + A), and so on. Therefore, if 
n be any positive integer, 

sin-4 = sin . (n . 36o° + ^) = sin (4w . 90° + A) (l). 

Similarly, sin ^ = sin (180^ - A) Art. 22. (l). 

= sin {47* . 90° + (180° - A)] 

= sin{(4w + 2)90°--4} (2). 

In like manner we get from (2) and (4) of Art. 22, 

sinJ=: -sin{(4w + 2)90° + J} (3), 

sin J= - sin (471 . 90*^ - -4) (4). 

25. By the same process of reasoning it may be proved 
from the formulae of Art. 23, that 

cos A- cos (471 . 90° + -4), 
or = - cos {(471 + 2) 90** - A}, 
or = - cos 1(471 + 2) 90° + A], 
or = cos (471 . 9()° - A). 
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And, tan A = tan (in . 90° + A)^ 

or = - tan {(4« + 2).90»-^}, 
or = tan {(4n + 2) . 90^ + A}^ 
or = - tan (4n . 90° - A), 

Similarly it might be proved that, 

sec A = sec (4w . 9(fi + J), 
or = - sec {(4w + 2) . 90° - ^| , 
or = - sec {(471 + 2) . 90° + A}^ 
or = sec (4n . 90° - A). 

26. From Arts. l6, 22, 23, we collect that 

sin A = cos (90° - A) 
8in^ = sin(l80°-^). 



{ 
I 
{ 
{ 



cos A = sin (90° - A) 
cos J! = - cos (180° - A), 

tan A = cot (90° - A) 
tan^= - tan (180° - ^). 



sec A = cosec (90° — A) 
sec ^ = - sec (180° - A). 
That is, 

The sine of an angle = cosine of its complement, 

or, = sine of its supplement. 

The cosine of an angle = sine of its complement, 

or, = — cosine of its supplement. 

The tangent of an angle = cotangent of its complement, 

or, = — tangent of its supplement. 

The secant of an angle = cosecant of its complement, 

or, = - secant of its supplement. 
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These relations between the sine, cosine, tangent, and 
secant, of an angle, and of its complement and supplement, 
will be continually made use of in the following pages. 

27. The student will find it necessary to be perfectly 
familiar with the following expressions. 





NC 


(0 


NC AC am A 

*" ~ AN~ AN~ cosA 



AC 



(2) 



(3) Cot A 



A-"^^ - 


1 


1 


^-AN- 


AN" 
AC 


QO&A^ 


.•. COS^ = 


1 
sec -4* 

AN 




AN 


AC 


COS A 



NC 



NC 
AC 



sin A 



(4) 


Cot A 


AN 
NC 


1 

NC" 
AN 


1 
tan J* 




• 
• m 


tanA = 


1 
cot^ 


• 


(5) 


CoBecA 


AC 

NC 


1 

NC" 
AC 


1 

• 

sin //' 




• 


am A .^m 


1 






cosec^ 



(6) 



AC* = NC + AN*; 



,\ 1 



" [ac] ^ l:^) ' 
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(7) 



(8) 



or 1 " (sin A)* + (cos A)* ; 

sin A = vl — (cos Ay, 
cos A = \/l — (sin J)*. 

AC^AN' + NCi 



(ACV ( 






or (sec Ay « 1 + (tan Ay ; 



sec ^ = V 1 + (tan ^)'', 
tan A = \/(sec J)* — 1. 

AC* = JJV» + NC* ; 



f-V 






+ 1, 



or (cosec Ay « (cotan ^)* + 1 ; 

cosec^ = "v/l + (cotan Ay, 
cotan ^ = \/(cosec ^)'' — 1. 



••■{ 



28. By means of the expressions proved in the last 
Article we can find the value of any one of the quantities 
defined in Art. 15, in terms of any other of those quantities. 

r.^ ^ sin -4 

(1) TanJ=: . 

^ ^ \/l - (sin^)» 

_ ^ sin A . , . 

For tan J = r, Art. 27, (l), 

cos J 



(2) 



Tani< 



sin A 
J (6). 

Vl-(sin^)* ^ ^ 

sin A y/\ - (cos A)* 



cos A 



cos A 
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* 'J 

(S) Sin A =: -.COS J as tan A . 



COS ^ sec A 

tan ^ tan A 



sec J v^i + (tan^)*' 

29. The formulae proved in the last Article will often 
be found useful to the analyst. The same method of proof 
is applicable to all other questions of the same kind. Thus, 
required to express the cosine of an angle in terms of the 
cosecant, and the cosecant in terms of the versed-sine. 

(1) Cos A = \/l - (sin Ay 



\cosec-4/ 
_ \/(co8ec Ay — 1 



(2) Cosec i< = — 



cosec A 
1 



sm 



^ y/ 1 -(cos Ay 



\/l - (1 - versin Ay 



Vg versin A - (versin Ay 



30. In the first of the following Tables those values of 
sin A, cos A9 tan A^ and sec A, are inserted, which are the most 
useful to be remembered; in the second Table are placed 
some others of less frequent occurrence in mathematical 
investigations : 
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31. If k he less than 45^, or half a right anghy cos A 
is greater than sin A. (Fig. Art. 27.) 

Let z NJC be less than 45^ 

Then, since i NAC + zNCJ ^ go^y lNCA is greater 
than 45^. And in every triangle the greater side is opposite 
to the greater angle, (Eucl. i. 19.) ; 

.-. AN>NC; 

AN NC 



• • 



AC AC' 



or cos^ > sin^l. 

Similarly, for angles between 45® and 90°, it may be shewn that 
the cosine is less than the sine. 

32. To find the sineSy cosines, and tangents, of ^5% 
SOP, and 6(fi. 

(1) (Fig. Art. 27.) Let ^NAC^4>&^; 

.-. ^NCA^9(fi-/.NAC^4>5^; 

AN NC . . „ 
.: -77; = -TTfi o"^ sin 45« = cos 45". 

Also A(? = AN* + CN' = ZAN* ; 

AN 1 



: sin 45' = 



AC V2 
1 



— 9 



'. COS 45° = ._ , 
V2 



and tan 45° = ----- = 1 . 

AC 




22 



(2) Let ABC be an equilateral and equi- 
angular triangle ; therefore each of its angles 
is ^ of two right angles, or 60P. 

Let AD be perpendicular to BC ; 

B 

.-. BD^DC^^BC^^AB; and z.BAD^ aDAC ^S(P\ 

. _ DB ^AB 1 
AB AB 2 

cosSO^ = ^/\l - (sin Soy\ = -y/(i - i) = ^^, 

sin 8C/> 1 

tan 30^ ■= « —j^ . 

cos 30° y/s 

(3) sin 60° - cos (90° - 60°), (Art. 16.) =cos30P = — . 



cos 60^ » sin (90^ - 60°) = sin 30° = - , 



^ ^ sin 60^ y- 

tan 60° « T-; « \/3. 

cos 60° 



33. The relations established in Art. 27» between dif- 
ferent functions of the same angle, will frequently enable 
us to solve equations of the foUowing kind. 

Ex. 1. From the equation, (sin il)* + 5 (cos ii)* « 3, re- 
quired the value of sin A. 

Since (cos Af » l - (sin Afy the equation becomes 
(sin J)* + 5 . {1 - {^nAy\ = 3; 

.\ 4 (sin Ay = sj, and sin J = — = . 
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Ex. 2. (sin Ay « a . cos ^ + &9 to determine cos A- 

If zpbe put for cos J, (sin^)*= 1 -a;*, and l-ar* = o,v + 6 
will be the equation to be solved. 

Ex. 3. The next example involves two unknown quan- 
tities. 

From the equations 

sin il as HI . sin JB, 

tan A^n, tan B^ 

required the values of sin^ and cosJff. 

For sin^ put x^ and for cosB put y. 



Then sin S = \/l - j^, 



tan^ s 



sin^ 



X 



^{l-{smAf} vT:^ 



, (Art. 30.), 



cos JD y 

Making these substitutions, the equations become 



X ^ tn 



w 



VI -^ 



= n . 






from which, x and y may be determined. 



Ans. 



cos 5= - V r 
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ffn as cosec J -smA] . , , , . 

Ex. 4. If < . ^ > , required the relation 

[n = sec-4 - cos^ J 

which exists between m and n; that is, required to find 
an equation between m and n^ in which no function of the 
angle A shall enter. 

I cos Ay^ 

From the first equation, m = — : — -f- , 

sm ^ 

(sin AY 
...second , n^ 



cos A 



n (sin Af , .^. 
m {cos Ay 



. n4 
.'. tan A 3= — r . 



(cos J)* (cos J)* 

Also W ^-—r 



(sin -4)^ (tan ^)« (tan ^)^ . (sec AY ' 

.-. m^ . (tan J)^ 1 1 + (tan J)*} = 1, 

and by substitution, 

m* . ni . (m* + w*) = I. 



CHAPTER III. 



OONIOMETRICAL FORMULJE INVOLYIMO MORS THAN ONC ANGLE. 



34. Given the aines and coeinea of two angles^ to find 
the sines and cosines of the angles equal to their sum and 
to their difference. 

BACj CAD are two angles containing 
A^ and B^ respectively. 

From D, any point in AD, draw 
DBy DC perpendiculars on AB and 
AC; and from C draw C-E, CF perpen- 
diculars on AB and DB. 

Then FE is a rectangle ; FB = CE, 
and FC = BE. X fi r 

z CDF = 90<* - z DCF = / FCA = Ay since CF is parallel to AE. 




Now, sin (A + B) = 



BD BF+FD EC FD 



AD 



AD 



AD^ AD 



_EC A£ FD DC 
' AC' AD^ DC AD 

= sin ^ . cos B + cos A . sin B. 



Also, cos (^ + J?) = 



AB AE-EB AE FC 



AD 



AD 



AD AD 



(!)• 



AE A£ FC CD 
AC' AD^ CD' AD 

cos A . cos B -^ sin A. sin B. 

D 



(2), 
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Again, let Z BAC = J, and z C-42> = B. 

From Z), any point in ADy draw Z>£ and 
DC perpendiculars on AB and AC, CE a 
perpendicular from C on AB, DF per- 
pendicular to CE. 

FB is a rectangle; FE ^ DB^ and 
/ DCF^gof'-zACE^A. 




Then, sin (^ - «) = 



BD EC-CF EC CF 
AD " AD ad" AD 

EC AC CF CD 



AC AD CD' AD 

= sin ^ . cos B " cos A.AvlB^ 



(3). 



Also, cos (^A — B) = 



AB AE + EB AE FD 



AD 



AD 



AD AD 



AE AC FD CD 

+ 



AC AD CD AD 

= co&A.cosB + sin^.sin B, 



w- 

Ex. Having given the sines and cosines of 45^ and 3(fiy 
required the sine and cosine of 75% and of 15°. 

1 \/ 3 

Sin 45° = cos 45° = — 7=r , sin 30° = h cos 30^ = ^— , Art. 32. 

^/2 ^ 2 

sin 75° = sin (45° + 30°) = sin 45° . cos 30° + cos 45° . sin 30° 

1 y/s 1 1 
\/2 2 v^ 2 

= 7=.(\/3+l); 

2\/2 

cos 75° = cos (45° + 30°) = cos 45° . cos 30° - sin 45® . sin 30^ 

1__ y/s 1 1 

"" \/2 ' ^ \/2 ' 2 

= -7-(\/3-i); 

2\/2 
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sin 15® = sin (45<^ - 30^) = sin 45® . cos 30P - cos 45® . sin 3(f 

1 \/3 1 1 

2V2 
cos 15® = cos (45® - 300) ^ ^os 45<^ . cos 3(fi + sin 45® . sin 30® 

1 \/3 1 1 

= 7= (\/3 + 1). 

2V2 

35. In the figures attached to the last Article, each 
of the simple angles A and B was represented as less than 
a right angle. But of whatever magnitude these simple 
angles are, if the same construction be made, and proper 
attention be paid to the signs of the sines and cosines 
of A and B, the same result will invariably be arrived at. 
For example, let it be required to prove the formula 

sin {A - B) ^ sin J. cos B - cos ^. sin B 

from the annexed figure, where BAC = A^ and CAD = B ; 
each angle being greater than a right angle. 

From 2>, any point in JZ>, draw DC perpendicular to 
CA produced; let CEF be perpendicular to AB^ DF 
parallel to J.S, DB perpendicular to AB. 

Then FB is a parallelogram, and EF = DB, 

BD EF Ci 
Now,sin(J.S)=— =_ 

_ CF^CE 
AD 

CF CD CE AC 
'^ CD' ad'' AC' AD 

= cos FC2>. sin DAC - sin CAE.cos DAC, 
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but cos FCD = cos EAC ^ cos CAff 

= cos (180® - CAB) = - cos A, Art. 26. 
sin DAC = sin (180° - DAC), Art. 26, = sin CAD = sin B, 
sin CJi; = sin CAff^ sin (180° - ^) = sin il, 
cos DAC = - cos (180° -DAC) = - cos 5 ; 
.'. sin(il-i?) = — cosi4.sinjB + sin ^1. cos J?, 

= sin J.. cos iS - cos il . sin jB. 

36. If one of the formulcB^ a^ sin(A + B)s sin A.cosB + 
cos A . sin B, he given, the others may be deduced from it 

For let B become (- JB), then 

sin(-rf-S)=8in {A + (-S)} = 8in J . cos(-B) +cos^ . sin(-S). 

But cos (- B) = cos S, Art. 23 ; 

and sin (- JJ) « - sin B, Art. 22 ; 

.*. sin {A — B) = sin A . cos B — cos A . sin B. 

Again, 
cos (A + B)^ sin {90'' - (^ + B)}, Art. 16. 
= sin{(90^-J) + (-B)} 
= sin (90^ - ^) . cos (-B) + cos (90° - A) . sin (-5). 

But sin (90° - -4) = cos A, and cos (90° - -4) = sin J ; Art. 16. 
.-. cos {A + B) =^ cos -4 . cos J? — sin ^ . sin B, 
Again, 
cos (-4 - B) = sin { 90° - ( J - B) } 
= sin {(90° -^)+i?} 
= sin (9(fi -A).cosB-^ cos (90° - A) . sin B 
« cos J. cos J? + sin J. sin J?. 
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37- From the formulae of Art. 34, we can easily find 
the sine or cosine of the sum of three or more angles, in 
terms of the sines and cosines of the simple angles. 

Given the sines and cosines of the angles A, B, C, 
required the sine of (A + B + C). 

sin (i< + 5 + C) » sin {{J + ^) + C}, 

and, considering {A 4- B) as one angle, this becomes 
sin (i< + £) . cos C + cos ( J + JB) . sin C 

=:(sin^ .cos£+cosJ. sin jB).cosC+(cos^ .cos J?-sin^.sin jB). sinC 

= sin^ . co^B . cosC + sin J? . cos^ . cosC + sinC . cos^ . cosA 

- sin J. sin jB. sin C (l). 

In like manner %\xi{A^B^C)i and co^i^A^B^C)^ may 
be found in terms of the sines and cosines of Ay B, C; 
and the same method may be applied to the sum of any 
number of simple angles. 

CoE. If -4 + JB + C = (2» + l).180^, where n is an in- 
teger ; since sin (2n + 1) . 180° = 0, the equation (l) becomes 

sin A.sinB.smC^ sin A . cos B . cos C 

+ sin jB . cos A . cos C + sin C cos A . cos B (2). 

If » = 0, A + B+ C^lSCPf and therefore equation (2) 
expresses a relation which exists between the sines and co- 
sines of the three angles of any plane triangle. 
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38. To shew that sin 2 A &= 2 sin A . cos A. 

Sin ( J + A) = sin J . cos £ + cos A , sin 5, 
and writing A for B this becomes 

sin ^A = sin^ . cos^ + cos^ . sin^ = 2 sin^ . cos^. 

1(1) cos 2-4 = (cos -4)^- (sin ^)^ 
(2) cos2^ = 2(cos^)^-l. 
(3) cos2 J = 1 - 2(sinii)^ 

(1) Cos (-4 + S) = cos J . cosS - sin^ . sin£, 

and writing A for B^ 
cos 2 J = cos -4 . cos -4 - sin -4 . sinJ = (cos^)* - (sin-4)'. 

Again, 

cos2j =x (cos J)*- (sin J)^ 

And 1 = (cos-4y + (sin -4)*; 
.-. 1 + cos2 J = 2(cos-4)% 
1 - cos 2^ = 2(sinJ)^ 

(2) Therefore, cos 2 -4 = 2 (cos -4)^ - 1 . 

(3) And, cos 2 -4 = 1 - 2(sinil)^ 

jXOsA + sin A = ± \/(l + sin 2 A), 
40. To shew that 



i 



icos A - sin A = i \/(l - sin 2 A). 
Sin 2 J = 2 sin J . cos J, 
And 1 = (cos^)^+ (sin-4)^ 

'. by addition and subtraction, 

1 + sin 2^ = (cos^)* + 2 sinuj . cos -4 + (sin^)^,. 
1 - sin ^A - {co& Ay - 2 sin-4 . cos^ + (sin J()* ; 

•% cos-4 + sin^ = ± >\/(l + sin 2-4), 
and cos -4 - sin^ s: ± \/{} - sin 2 -4). 
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41. To shew that if A he lesa than 45% 

!cosA = ^ {\/(l + sin 2 J) + \/(l - sin 2^)}, 
sin^ = ^|^(l + sin2A) - ^7(1 -sin 2 J)}. 

By Art. 31, if A<45% cos^l is>sinjl, and they are 
both positive ; therefore cos il + sin jl and cos A — sin A are 
both positive quantities when A is<45°; 

.-. cos ^ + sin -4 = H- /y/(l + sin 2 J), 

and cos ^ — sin ^ = + \/(l - sin 2 A). 

.'. by addition and subtraction, 

2 cos -4 s= \^i^ + sin 2-4) + -y/(1 - sin 2 J), 
2 sin^ = >y/(l + sin 2 A) - /y/(l - sin 2-4) ; 
[cos -4 ?= ^ { y^(l + sin2j) + -y/(l -sin2j)}, 
sin J = ^|y^(l + sin 2-4) -\/(l -sin 2^)}. 



{ 



42. The equations deduced in Art. 40 can he applied in 
any case to determine the sine and cosine of A from the sine 
of 2 A. 

For example, if A be an angle > 3 x 45® but < 4 x 45", 
(i. e. any angle comprehended under the form 180° — J5, 
where B is<45°), cos 4 is negative, and greater in magni- 
tude than sin Ai which is a positive quantity. 

In this case therefore, 

cos i< + sin -4 = - \/{y + sin 2 -4), 

cos ^ - sin ^ = — \/(l - sin 2 A) ; 

.'. cos-4 = -i{\/(l + sin2-4) + ^{\ - sin2-4)}, 

sin-4 = ^{\/(l -sin 2^) - \/(l + sin 2-4)}. 

If at first sight this value of sin A appear to be negative, 
it is to be remembered that sin2il is a negative quantity, 
(2 A being between 27*0° and 360^) and therefore 1 - sin 2 A 
18 greater than 1 + sin 2 A^ — and therefore the value of sin A 
is here a positive quantity, as it ought to be. 
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43. Given the. tangents of two anglea, to find the 
tangents of their sum and their difference* 

COS {A -h B) 

mkA . cos B -h COS. utf sin B 
cos A . cosjB — sin .A sinS' 

and dividing the numerator and the denominator by cos^ . cos£, 

sin A sin B 

^v cos A cos B 

tan (^ + JB) = : — r — : — - 

sm ^ sm B 

cos A cos B 

tan J -h tan J? 
1 -tan J.tanjff' 

c- 1 1 * / ># »\ tan J - tan B 
Similarly, tan (A - B) ^ : . 

•^ ^ l + tan^.tan5 

Cor. K If JJ=4, tan2il = r^— jr;;. 

1 - (tan Ay 

CoE. 2. If jB = 45^, since tan 45° = 1, (Art. S2.) 

V 1 + tan A 

tan (^ + 450) = J (1). 

^ ^ 1 - tan u4 ^ ^ 

sin A ' 

cos A 
sin A 
cos A 

cos ^ + sin J 

= 1 ^—^ (2). 

cos ^ - sm ^ ^ ^ 

tan A 1 

Cor. 3. Similarly, tan (A - 45°) « (S) ; 

sin A — cos ^ 

or =-7—; (4); 

sin -4 + cos ^ ^ ^ 
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Cor. 4. Tan (^+450)+tan (4-45°)= ^ + — 

4tanil 



1 - (tan Ay 

= 2tan2il, by Cor. 1 (5). 

If A be<450; 

Since tan (A - 45^) = tan - (45° - ^) = - tan (45« - A), 

(Art. 23.) 
the last expression becomes, 

tan (45<> + ^) - tan (45» - -4) = 2 tan 2 J (6). 

tan J + tan J3 sin {A + £) 



44. To shew that 



tan -4 - tan B sin (-4 - JB) 
sin ^ sin B 



tan ^ + tan B cos ^ cos £ 
tan A - tan £ sin A sin £ 



cos^ cosJS 

sin A . cos B + cos ^ . sin £ 
sin^ . cos B ~ cos ^ . sin £ 

sin(J + g) 
"" sin (^ - 5) * 

45. Giiien tan A, tan fi, tan C, to find tan (A + B + C). 

tan (J + jB + C) = tan{(J[ + S) + C} 

tan (^ + S) + tan C 



1 - tan ( J + S) . tan C 

tan J + tan JB 



, (Art. 43.), 



1 - tan A . tan B 



+ tanC 



tan J + tan jB _ 

1 : T-T — ^i-tanC 

1 — tan A . tan B 

tan -4 + tan J? H- tan C - tan J . tan JB . tan C 
l-tan-rf.tan5-tan-4.tanC-tanfi.tanC* 

E 
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CoE. If A + B + C- (2w + 1) . 180°, n being an integer, 

tan(-rf + fi-hC) = 0; 
.*. tan ^ + tan i} + tan C - tan J . tan B . tan C s 0, ^ 
or, tan J + tan JS + tan C = tan J . tan £ . tan C 

And since, if 9i = 0, A + B-\-C^ 180°, this relation be- 
tween the tangents of Ay J3, C, is that which obtains between 
the tangents of the angles of any plane triangle. 

In the same manner the tangent of the sum of four 
or more angles might be found in terms of the tangents 
of the simple angles. • 

46. To Ji/nd the valties of sin 2 A, and cos 2 A, in terms 
of tan A. 

Sin 2 ^ = 2 sin ^ . cos A^ Art. 38, 

2 sin J ^ .^, 

= — . (cos AY 

cobA 

2tanA 
" (sec Ay 

2tan J 



, Art. 27, (2), 



-, /* ^<i^ Art. 27, (7). 
1 + (tan Ay 

Again, cos 2 ^ = 2 (cos Ay - 1, Art. 39, (2), 

2 



(sec A) 



2 



- 1 



1 

1 + (tan Ay 

1 - (tan Ay 
1 + (tan Ay ' 
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VJ. The following values of sin 2 J, cos 2 u<, tan 2 J, are 
of frequent occurrence, and necessary to be remembered ; those 
of them which have not been proved already are easily deduced 
after the method used in the last Article. 



1. Sin2j=2sin^. cosJ. 



2. 



3. 



2 tan J 
""H-(tan-4y 

2V{(secJ)^-l} 
(sec -4)* 



4. Tan2^= 



2tan^ 



l-(tanjy* 



1. Cos2-4=:(cos^)«-.(sini<y. 

2 =2(cos-4)»-l. 

3 = 1-2 (sin -i)*. 



4. 



5. 



l-(tanjy 
l + (tan^)' 

2 -(sec J)" 
(sec -4)* 



48. In the same way, the following values of sin 2 J, 
and of cos 2^, can be found in terms of cot^^, cosec^, and 
versin A. 



Sin2i< = 



2 cot J 
l + (cot^)«' 



^ 2v^j(cosecJ)*-lJ 

an2 J « -y-^ -i i , 

(cosec Ay 

siif 2 J =» 2 . (l - versin A). ^{2 vers -4 - (vers Ay\ . 



CosSjs 



(cotjy-1 
(cot Af^l' 



cos 2^ s 



(cosec -4)* - 2 
(cosec -4)* 



COS2-4 s= 1 - 2 . {2 vers^ - (vers J)^}. 
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49. It may be remarked, that the easiest method of 
deducing formula; such as these, is first to express sin 2^ 
and cos 2 J in terms of sin J and cos J. Thus, let it be 
required to prove that 

(cosec Af - 2 

cos2 J = —z — ^ . 

(cosec Ay 

Since, cos 2 -4 = (cos jy - (sin jy 

= 1 -.2(sin^y; 

1 

And, sin -4 = -; Art. 27. (5).. 

cosec A 

2 (cosec^V-2 

.-. cos2-4 = l-- — = — '—^. 

(cosec Ay (cosec Ay 

50. Since, sin {A + B) = sin A . cos B + cos A . sin By 

and, sin (A — B) = sin A . cos B - cos ^ . sin J? ; 

.'.by adding and subtracting, we have 

sin (-4 + jB) + sin (-4 - JB) = 2sin^.cos£ (l). 

sin (J + B) -sin(J- S) = 2cos-4.sinS (2). 

Similarly it may be shewn that, 
cos (A + B) + cos (-4 - JB) = 2 cos^ . cos B (3). 

cos (-4 - S) - cos (^ + JB) = 2 sin uj . sin B (4). 

51. Tojind the values of sin A J= sinB, and cos A ^ cosB, 
in terms of the sines and cosines of ^(A + B), and ^(A - B). 

Since, J = i(J + 5) + i(^ - S), 
and, S = Jt(^ + S)-|(^-S); 

,-. sin^ = sin^(^ + B).cos^{A - fi) + cos^(-4 + A). sin^(^ - B), 
sinB=^skk^(A + B),cos^iA-B) -cos^(J + B), sin^(^ -fi); 
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.-. sin -4 + &inB^2sin^(A + B).cos^(A - J5) (l). 

sinA-'sinB^2cos^(A + B). sin ^(A- B) (2). 

Similarly, 

cos J + cosS = 2co8^(-4 + B).cos^(A - fi) (3). 

cos jB - cos J = 2 sin ^(A + B). sin ^ (-4 - B) (4). 

These four formulae might have been deduced from the for- 
mulae of the last Article, by making, 

A + B = S, and ii - J5 = 2>, 
in which case, 

A^^iS-hD), S = i(5'-Z)). 

52. The formulae of the last two Articles are necessary 
to be remembered; the following are not of such frequent 
occurrence. 

Dividing (2) by (l). Art. 51, 

sin J - sinS _ 2cos^(^H-g).sinl(^- J?) ^ tm^(A-'B) 
sinJ + sinJ5"2sin^(J + B).cos^(^-S) " taxi^{A + B)' 

Similarly, dividing (4) by (3), 

m 

COS -4 + COS jB 
So also, 

sin -4 ± sin -B 1 / ^ . m 

= tan^ ( J ± B) ; 

cos J + cos jB 

sin -4 ± sin S , . . _. 

= cotan i (^ =f B). 

cos B — cos A 
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*,« r« - ^ sin -4 sii^ B 
63. Tan A ± tan B = ± 

cos ^ COS B 

sin^.cos£±cos^. sin£ 
cos ^ . cos B 

sin (J =fc g) 

COS^ . COSj8 

. ., , « . sin(J±fi) 

Similarly, cot J5 ± cot -4 « -; — - — r-^ • 

•^ sin^.sm^ 

54. Sin (A H- JB) . sin (il - B) 

= (sin ^)'^ . (cos By - (cos Af . (sin S^ 

■ 

= (sin J)\{l - (sinS)'}-{l - (sin A)'}. (sin Bf 

= (sin Af - (sin Bf. 

Similarly, sin (4 + S) . sin (4 - S) = (cos Bf - (cos il)*. 
In like manner it may be shewn that 

cos {A^B), cos (^ - 5) = (cos Af - (sin B)\ 
CM", *= (cos B)* - (sin -4)^ 

66. To prove that 

sin n J + sin (w - 2) -4 = 2 sin {n-l)A. cos A^ 
cosnA + cos (n - 2) J = 2 cos (» - 1) -4 . cos A. 

Sinn J = sin {(n- l).-4 + -4} 

= sin(w-l)-4 .cos.4 + cos(w- l)A . sin J. 

And, sin {n-^)A = sin {(« - 1) ^ - J} 

= sin (w - 1) ^. cos ^-cos(«- 1)^4. sin^ 

'. gin7ii< + sin(w-2)J[ = 2sin(n-l)^.cos-4 (l). 



{ 
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Again; in the same manner, 

oosn^ = cos (« - 1) -4 . cos 4 — sin (n- \)A. sin Ay 

And, cos (« - 2) i< = cos (» - l) ^ . cos -4 + sin {n — l)A.^inA; 

.'. coAfiA + cos(»-2)-4 = 2cos(n- l)^.cos^ (2). 

Cor. If n = 2, we have from (l), 

sin 2 A s 2 sinuj . cos^, 

from (2), 

cos 2 J + 1 == 2 (cos-4)*, 

or, cos2^ = 2(co8^)* - 1. 
If » = 3 ; from (l), 

sin 3^ s 2 sin 2 j| . cos^ - sin^ 

= 4 sinii . (cos J)* - sin^ 

= 4 sinil . {l - (sin^yl - sin-4 

= 3 sin il - 4 (sin Ay^ 

from (2), 

cos 3 A = 2 COS 2^ . cos A - cos^ 

= 2 cos J . {2 (cos Ay- 1 } - cos^ 

= 4(coSi<)' - 3 cos J ; 

and by successive substitutions, sin4il, sin5ui... cos 4^, 
cos5il... might be found. 

56. In like manner, 
sinn^ - sin (w -2) J = 2cos(n - 1) -4 .sin^ (l), 

cos (« - 2) ^ - cosn^ « 2 sin (w - 1) -4 . sin -4... ..•(2). 
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57- From the latter of these formulae we may, by means 
of successive substitutions, find the cosine of n^ in terms 
of the sines of A and its multiples. 

Suppose n to be even, and =2m. 

.•. cos 2 (w - l)-4 - cos ^mA = 2 sin (2m - l) J . sin J, 

so cos2(m -2)^ -cos 2 (w - 1)^ =2 sin (2m -3) -4. sin J, 

cos2(m - S) -4 - cos 2 (m - 2) -4 = 2 sin (2m - 5)il .sin^, 



&c. 



&c. 



cos 2 (m-m) J -cos 2 Jm-(m -l)} -4 = 2 sin ^. sin ^, 

.*. by addition we have, 

(since cos2(m — m)^, or cosO°, = 1,) 



1 - cos 2m^ = 2 sin ^ . 



sin (2m -1) J + sin(2m-3)-4 + . 
... + sin3il + sin^ 



.*. cos2m-4 = l -2sin-4. 



sin (2m -i)A + sin (2m - S)A + ... 
... + sin 3 J 4- sin^ 



(!)• 



If n is odd, and » 2m + 1? we should have got, 



cos(2m + l)-4 = cos-4-2 sin^. 



sin2mJ+sin2(m-l)J+... 
... +sin 4iA + sin 2^ 



(2). 



If m = 1, these formulae give us, 
cos2^ = 1-2 sin J . sin A = 1 - 2(siH-4)^ 
cos3^ = cos-4 - 2 sin -4 . sin2 J = cos -4 - 2 sin J . 2 sin^ . cosJ 
3 cos^ - 4 cos J . {l - {co^Af} = 4(cos-4)' - 3cos-4. 
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58. Tojind the sines and cosines of 18% 72% sG^j and 54°. 
Sin S& = cos (90° - S&) = cos 54% 
or, (if 18° = A), sin 2 A = cos 3 ^ ; 
.-. 2 sinu^ . cos-4 = 2 cos 2-4 . cos J - cos J, Art. 55 ; 
.-. 2sin^ = 2cos2^-l =2.{l -2(sinJ)*} -1; 
.-. 4(8inii)* + 2 sin A = 1. 

And, solving this equation, we have, sin A = 7 • 

Hi 

Where the positive sign is to be taken, because sin 18° is a 
positive quantity. 

[There are other angles, satisfying the equation 

V 5 + 1 
sin24 = cosSil, whose sines are . Some of these 

4 

angles will be determihed in the next Article.] 

^ V_^_2l = sin 18° = cos (90° -18°) = cos 72° (l). 

4 

6-2\/5 10H-2\/5 
And (cosl8°y = 1 -(sinl8°)«= 1 ^^ = j^^^^. 



^ V^(10 + 2a/5) . 

}P =z ^^—- = sn 



.-. cos 18°=-^^-^^ — ^= sin 72° (2). 

4 

Again ; sin 54° = cos 36° = cos 2 x 18° = (cos 18°)* - (sin 18®)* 

10+2\/5 6-2\/5 
" 16 ^16 

. ^. (»). 

4 

6 + 2\/5 10-2\/5 
(cos 54°)* = 1 - (sin 54°)* = 1 jg- ^^— , 

V^(l0-.2>/5) . ^ .. 

.-. cos54°= -^^^-^^ ^— ^ = sin3e° (4). 

4 



r 



• 
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59. To find some of the values of A which satisfy the 
equation^ sin 2 A = cos 3 A. 

cos 3 J = sin 2 A = cos (90^- 2 A) 

= cos {4n . 90° =t (90° - 2^)} . Art. 25. 

= cos {(4,n ± 1) 90°=F 2A\ . 

Let 3^ = (4» ± 1) 90° =F 2^ ; .'. 3 J ± 2^ « (4« ± l) 90°. 

Taking the upper signs together, 

90° 

A^(4>n + 1) — = (4w + 1) 18° (1). 

5 

Taking the lower signs together, 

J = (4«- 1)90° (2). 

[Again, 
cos 3 j< = sin 2 A = cos (90° - 2 A) 

= - cos {(4« + 2) 90° ± (90°- 2^)}. Art. 25. 

= cos{l80°±[(4w + 2)90^±(90^-2-4)]}. Art. 23. 

Let 3-4 = 180°± {(4« + 2)90°±(90°-2J)} ; 
.-. 3J±2J = 180°± (4w+2)90°±90°. 

And by solving this equation, we obtain other values of A 
which satisfy the proposed equation.] 

For n writing 0, 1, 2, 3 successively, we have 

from (1); A= 18®; =5x18°; =9x18°; =13x18°;... 

from (2) ; J = - 90°; = 3 x 90°; = 7 x 90° ; = 11 x 90°;... 

Cor. The angle 13.18°, or 234°, is one of the angles al- 

luded to in the last Article whose sines are - . 

4 

For sin 234° = sin (180° + 54°) = - sin 54° Art. 22. (2). 

= ^^— . Art. 58. (3). 
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60. If an angle receive any increment^ to find the 
corresponding increment of the sine of the angle. 

Let A receive an increment 5^, and let the corresponding 
increment of the sine of J be represented by A sin A. 

Then, A sin -4 = sin {A + SA) - sin J 

s= sin ^ . cos ^A + cos A . sin SA — sin A 
= cos A . sin SA - sin ^ . (l - cos SA) 



o ( ■ ^A' 



= cos A . an SA - sin A . Z ( sin ^^ j Art. 39. 

/ • ^A* 
2 I sin — J 

'^cosA.sm^A.ll—taaA. . * I 



2 Sin — 



/ . SA 
cos ^ . sin ^^ . < 1 — tan A . i -— > 

1 ~Ia E5j 



2sin — .cos 

2 2 



= cos A . sm cA . < 1 — tan A . tan — > . 

I 2 j 



SA 
Cor. If 3 A be very small, tan — is very small. In 

this case, if tan A be not exceedingly large, ( that is, if A 
be not nearly equal to 27^ + 1.90^ n being an integer), 

tan A . tan — is a very small quantity, and may be ne- 
glected in comparison with unity. We have therefore, when 
these two conditions are fulfilled^ — and not otherwise^ — 

A sin ^ = cos A . sin iA. 

Note. Hence it appears that if A be any angle of a 
triangle, this result cannot be applied in any particular case 
to determine the corresponding increment of the sine of the 
angle, when the angle itself has received ^ given small in., 
crement, if the angle be nearly equal to a right angle. 
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61. If an angle receive any increment^ to find the 
corresponding decrement of the cosine of the angle. 

A cos A = cos {A + ^A) - cos A 

= cos A . cos hA - sin -4 . sin hA - cos A 

= - sin ^ . sin hA - cos J . (l - cos ^A) 

2 sm — I 



sin ^ . sin 5^ . < 1 + cot ^ . : — r > 

I sind^ J 



sin ^ . sin ^^ . < I -f cot ^ . tan 



. {I -t- cot^ .tan — >. 
1 2 j 



Cor. 1. As in the last Article,r— if SA he very small, 
and cot A be not at the same time exceedingly large, 

sa 

(i.e. if A be not = 2/1.90° nearly), cot J. tan — may be 

neglected with respect to unity; and we then have, 

A cos A = - sin ^ . sin ^A. 

Note. It must be carefully borne in mind, that unless, 
(l), SA be a very small angle, and, (2), A be, besides, an 
angle which is not nearly equal to 0° or 180®, this result 
cannot be applied to any particular case where A is an 
angle of a triangle. 

Cor. 2. If A be less than 90°, cos A is positive, and 
sin^ being also positive, in this case Acos^ is necessarily 
negative. That is, in angles less than a right angle, as 
the angle increases, its cosine decreases. 

If A be greater than one right angle, but less than two, 
cos A is negative, and sin A being positive, A cos A is nega- 
tive. That is, when the angle is greater than one right angle, 
but less than two, as the angle increases, the cosine, being 
negative, also increases in magnitude. 
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62. If an afigle receive any increment^ to find the 
corresponding increment of the secant of the angle. 

A sec ^ = sec {A + SJ) — sec A 



cos(J + S^) cos -4 

cos A — cos {A + 5i4) 
cos A . cos (A + ^A) 

1 + cot ^ . tan — > Art. 61. 
cos^. (cos^ .cosj^— sin A . sinS il) Art. 34. 

u 

• J t . . . 1 + cat ^ . tan — 
sm A 1 sin 6 A 2 

cos A " cos A cos SA * l — tan A . tan S-4 

1 + cot il . tan — 

= tan ^ . sec -4 . tan oA . , — : — sr^ • 

1 — tanil .tand^ 

Cor. It ^A be very small, and neither tan -4 nor cot -4 
be very large, (that is, if A be not nearly equal to n . 90"), 

cot A . tan — and tan ^ . tan J SA will both be very small, and 

may be neglected when compared with unity. In this 
case therefore we have 

A sec ^ = tan ^ . sec ^ . tan SA. 

Note. It is to be remarked, that before this result can 
he applied in any case where A is an angle of a triangle, 
we must have 8 A a. very small angle, and moreover, A must 
not be nearly equal to 0, 90^ or 180^ 
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63. If an angle receive any increment 9 to find the cor- 
responding increment of the tangent of the angle. 

A tan il = tan {A + ^A) - tan J. 

sin {A + iA) sin A 
cos(^ + jJ) cos -4 

sin {A + ^A) . cos -4 - cos {A + 5il) . sin A 
cos A . (cos A . cos hA - sin il . sin hA) 

But sin {A + 5il) . cos J - cos {A + ^A) . sin A 

= sin {(A + 5il) - -4} = sin 54; 

sin 8 A 



.*. A tan A = 



(cos ^)'. cos SA.{1 — tan ^ . tan SA) 



= (sec ^y . tan SA . ^ ^r-. • 

1 — tanJ . tano^ 

CoE. I{ SA be very small, and also tan ^ be not very 
large, — that is, if A be not (2n + l) 90^ nearly^ — we have 

A tan J &= (sec Ay. tan SA. 

Note. If, therefore, A be an angle of a triangle, this 
result is not true when A is nearly equal to a right angle. 

64. For a given small increment of A, the increment 

of the sine is = the decrement of the cosine corresponding 

to the same increment of the angle, according a« cos A is 

= sin A ; A not being very small, or nearly a multiple of 90^. 

For Asinu^ = cos^.sin^u^, if A be not nearly (2n+ 1)90P. 

Art. 60. Cor. 

A COB A = - sin-4 . sin 5-4, if A be not nearly 2n . 90^ 

Art. 61. Cor. 1. 
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Hence, if J be not very small, or nearly a multiple of 90®, 

Asin^ is ==(— Acos^), as cos^ is =siD^. 



Cor. In angles less than 90®, A sin ^ is (- A cos^) 



as -4 is ^ 45®. Art. 31. 



65. Def. By tan~^/ is meant the angle whose tangent 
is ^ ; i. e. if ^ = tan A, then A = tan"^^. 

So, by sin~^« and cos"^c, &c. are meant respectively the 
angle whose sine is 8, and that whose cosing is c, &c. 

ti + to 

66. To shew that tan"4, + tan'^t. = tan~^ , and 

1-tit/ 

t, — tjj 

tan~*ti- tan'^tj = tan"^ . 

^ ^ 1 + t^tg 

Let tan A^t^^ and tan B = t^. 

Then, by definition, -4 = tan"^^i, and fl^tan"'/,. 

r ^ «x *a^ -^ + tan B 

Now tan (-4 + 5) = ; ; 

^ ^ 1 - tan J . tan 5 

u J r >! D * -1 tan J + tanJ9 

.'. by def. A + B ^ tan * ■- ; 

1 — tan A . tan B 

t + 1 
Or, tan"^/i+ tan"^^2= tan~^ ^ ^ (l). 

Similarly it may be shewn that 

tan-^*i-tan-^^, = tafa-^-^^^ (2). 

1 + t^t^ 
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67. //* t], tj,, ...... t„, be the' tangents of any angles^ 

then tan~^^i— tan'^/„ 

i, -1 ^1 ~ ^2 . . _i ^2""^3 ^ _i t„_l~•tf^ 

= tan ^ — -+tan ^ + ... + tan^ . 

1 + ^,4 1+^2^3 l+^«-i^„ 

For, tan-* ^, - tan-'^ = tan"' ' ~ ' 
tan'^to — tan""^^o = tan"^ 



1+4^3' 






tan"^^„.i - tan'Hn = tan , 

1 ^/ <„ 



.•. by addition; tan"^^i — tan"^^^ 

^tan-^AzA + tan-^ArA+,,,^tan-^ ^"-^'^» . 

1 +^i4 1 + #8^3 1 +tn.itn 

68. Examples of questions which may be solved by 
the application of formulae proved in this, and the preceding, 
Chapter. 

X X ,TT .. cos A + sin A 

(1). To prove that . . — - = sec2A + tan 2 A. 

cos A — sm A 

|[It is here required to bring the proposed fraction into one whose 
denominator shall be cos 2^^ or (cos -^4)' - (sin -4)*. Multiply^ 
therefore^ the numerator and denominator by the numerator^ and 
we have,] 

cos-4H-sin-4 (cos-4 + sin-4)^ (cos^)*+ (sin -4)^+2 cos-4 . sin^ 
cos A -sin A (cos Ay ~ (sin Ay (cos Ay — (sin Ay 

1 + sin2^ _ . ,^ _ . 

; by Art. 27. (6), and Arts. 38, 39. 



cos 2 -4 



1 sin 2^ . . 

+ 7= sec2^ + tan2-4. 



cos 2 A cos 2 A 
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1 



(2). To prove that cos 2 A = 1 r 

^ ^ ^ 1 + tan 2 A. tan A 



[The equation becomes^ when inverted, 

1 



cos 2^ 



= l+tan2i4.tanil; 



where we perceive^ that if the right hand side were expressed in 
terms of the sines and cosines of A and 2 A, and then put into 
a fractional form/ the denominator would be cos^A.coaA, and 
the numerator would involve the sines and cosines of the same 

angles. Our first object therefore will be to express — r in a 

fraction of such a form.]] 

1 cos -4 cos (2 A "J) 

Now, = = -z ~ 

cos 2^ cos 2^. cos ^ cos 2^. cos ^ 



cos 2 A • cos A + sin 2 A . sin A 
cos 2 A . cos A 



sin2A Sin A . . 

1 + -. ^= 1 + tan 2^ . tan^; 

cos 2^ cos^ 



.'. cos 2^ = 



1 H- tan2j. tan -4 



Note. In the following Examples it is required to de- 
termine an angle from some given relation existing between its 
goniometrical functions and those of either a multiple of the 
angle sought, or of some given angle; — and conversely. 

(3). Determine A from the equation^ sin2A = sinA. 
Sin ^ s sin 2^ = 2 sin ^ . cos u^. Art. 38. 
.*. 2cos^ s 1, and cos-4 = ^. Wherefore A = 6o°. Art. 32. 
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(4). Determine B from the equation^ 
sin J + sin (25 + J) - sin (2 J? - J) = sin(JB + ^) - sin {B-A)\ 
.-. sin^ + 2cos2jB.sin^s2cos£.sin^; Art. 50, (2). 

.\ 1 +2cos2J7 = 2cosJ?; 
.-. I +2 . {2 (cos jB)* - 1 ^ = 2 cos jB. Art. 39. 



Whence we get, 



cos jB = 



rr 
Now, Art. 58. (3), "^"^ = cosSfio. 



4 



\/5 — 1 
And, Art. 58. (1), = cos 72^; 



1 — v^ a/5 — 1 

^— = - ^^^ = - cos 72®= cos (I8tf»- 72®) « cos 108®. 



Wherefore 36®, and 108®, are the values of B required. 

r ^ ^^ tan (A - B tan B . ^ . 

(5). Jf m.—, i^rr- =n.^^ --r — — y^, required to 

^ "^ (cosB)* |cos(A-B)p 

n — m 

move that. tan(A-2B)«= .tan A. 

n + m 

n tanjA'B). {cos(A - B)Y _ sin{A - B) . cos(^ - B) 
m tan B. (cos By sin B. cos B 

_ 2>sin(^- J).cos(J-jB) sin2(J-g) 
"" 2sinJS.cos£ sin2S * 



Art. 50, (2), (l), 



51 

Whence we obtMn, 

n-m sin 2(J-g)- sing jB 

n + m ^ sin2(J-i?) + sin2^ 

2 . eo s^.sin(^-2g) 
"" 2 . sin J . cos(^ - 9.B) 

« 

_ tan(^-2JB) 
~ tan^ 

n — m . 

.-. tan(-4-2B) = .tan J. 

n •\'fn, 

(6). To prtwc that, 2 cos 11% l5'=\/2 + \/{2 + 'v/2} 

1 ' 
Cos 450 = -7= ; 
V2 

« 

,-. 2 cos 45<> = v^2, 

(45°\ * 
cos — j -l} = /v/2; 

450\ 



.-. 4 [cos— J =2 + \/2; 



45° 



.-. 2 COS — = \/2 + v^2; 



.-. 2.{2[cos-y\ -1}=\/2 + V^2; 

.-. 4 (cos-g- J = 2 + \/2 + y^2 ; 

'. 2 cos -r- 5 or 2 cos 1 1°, 15', = \/2 + a/ {2 + a/2 J . 
2* 
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Cos. By repeating the same process n times, it would 
appear in like manner, that 

450 

2 cos — 1^ = V 2 + 'X/CS + &c.). 

Where 2, with the sign of a square root over it, appears 
n + 1 times in the second member of the equation, — ^the 
square root every time reaching to the end of the expression. 

(7). If a? . tan A = (\/l + ,v - 1) . (vT"^-^ + l)j required 
to prove that w-2 cos 2 A. ' 

^. tan i4 = (v 1+^-1). (vl-a?+l). J — ^w.—-j== — ; 

.*. y/l —x + 1 = (-x/l + 07 + 1) . tan A ; 

.-. (1 - tan Af = {\/l +0? . tan -4 - \/l - a/}' ; 
.-. 1-2 tan^ + (tan^)« = 1 + (tan ^)^ - a? . {l - (tan Af\ 

-2^/1-0;*. tan -4; 

.-. 2 tan ^ = 0? . { 1 - (tan Af\ + 2 \/l - a?* . tan A ; 

1 - (tan AY J ^ 

2 tan J 

^ 1 - (tan AY 1 

''"'* atan^ =^;;^ (Art.47.) = cot2j; 

.*. \/i — /p^as 1 — a7.cot2-4; 

.-. 1 - a^ = 1 - 2a? . cot 2-4 + a?* . (cot 2-<^* ; 
.-. 0?*. {1 + (cot2J)*} -2a?. cot 2 J = 0; 

2 cot 2 -4 cot 2^ 

.'. a?»0; or 07 = — = 2. = 2 cos 2^ 

l+(cot2^)« (cosec2^)« sscosj^^. 
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(8). If tanA.tanB* |tan(A + B)p- {tan(A-B)|«, 
to find cosB. 

tanJ.taiijB={tan(i4+jB)+tan(i4-fi)}.{taii(A+fi)-tan(J-fi)} 

sin2ii . sin2jB 

— — — — ^— — — — — — — — — ^^-^— — • Art 53 

{cos(^ + 5).cos(A-jB)P' 

sin ^ . sin JS 2 sin ^ . cos ^ . 2 sin A . cos B 
cos J . cos £ ~ {cos(J + JB) . cos (^ - 5) p ' 

.-. 4 . (cos ^)* . (cos S)* = {cos (J + jB) . cos (J - J5)}*; 

.-. 2 cos -4 . cos B as cos (-4 + 5) . COS {A - 5) 

= (cos Bf - (sin Af ; Art. 54. 
.-. (cos Bf -2cosJ.cosB + (cos -4)* = (sin jy + (cos jy-i; 

.•. cos jB — cos ^ s ± 1 ; 
.'. COSjB ss cos^ ^ 1. 

Taking the positive sign, 

cosfi= 1 + COS J = 2 (cos — I (l). 

Taking the negative sign, 

5 = cosJ-l = -2(sin — I ; 



cos 



.'. cos(l80°--B)= -cosS = 2 fsin-J (2)- 

Note. In the Corollaries to Arts. 37 and 45, the relation 
has been found which exists between the goniometrical functions 
of three angles -4, J?, C, which are connected together by the 
condition, A + B-hC^ 180^ ; the following question, conversely, 
requires the relation between three angles, when equations are 
given connecting their goniometrical functions together. 
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z^'. « f tan A = (tan C)» 1 . . ^ 
tn arithmetical progression. 

[We here want to prove that 2 jB = J + C] 

Now, tan 2 jB = ~ tan 2 C = Art. 47 

2 l-(tanC)* '^'^''•*^- 



-j^^^^ , (since (tan Cy = — — , by the first equation, j 



tanC 



^ (tan C)^ (tan C + tan J) . (tan C)» 

tanC-tanJ " (tan C)* - (tan J)* 

tan C+ tan^ 
tan^ 



/tan^\ 
" Vtan c) 



J /tan-4\* , tan-4 

*"^ ISI^J ■=t»^-(i3^,-tan^.tanC, by the first 

equation, 

_ tan A + tan C 

.\ tan2jB=; — -_ — -=tan(^ + C); Art 43. 

1 -tan^.tanC ' 

.\ 2jB = -4 + C, and B-A^C-B; or A, B, C are 
in arithmetical progression. 

(10). To prwye thai 

1^ ,1 ,1 ,1 

tan"**- + tan"*- + tan"*- + tan"*- = 45®. 

3 5 7 8 

11 

Tan-'- + tan-*->=tan-* ^ /, , Art, 66, t=tan-*-^ 
S 5 1 _1 i 7* 
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1 , 1 

I 1 I 1 , 7 "*" 8 ,3 

So tan~*- + tan"*- = tan"' 1 — r «= tan"* — ; 

7 8 1^^.^ 11 

|1 ,1 il il 

.•. tan"*- + tan"'*- + tan"*- + tan"*- 
3 5 7 8 

4.3 

« tan"^- + tan-^— = ton"' ' J\ 
7 11 1 -i 1 

= tan"*-- = tan"^l. 
65 

And the angle whose tangent is 1, is half a right angle, 
or 45°; 

,1 I 1 ,1 1 1 

.-. tan"* - + tan"* - + tan"* - + tan"* - = 45®. 

3 5 7 8 



The Appendices i, ii, iii, on the Logarithmic Tables 
of Numbers and of Goniometrical Functions, ought to be 
read before entering on the next Chapter. 



CHAPTER IV. 



ON THE SOLUTION OF TRIANGLES. 



69. A TRIANGLE coosists of six parts, namely, three 
sides and three angles ; when three of these parts are given, 
(except they be the three angles), it will be shewn that the 
other three can, generally, be determined. 

The number of degrees in the angles of a triangle will 
be designated by the letters Ay B, C, which are placed at the 
angular points of the triangle, and the, lengths of the sides 
respectively opposite to the angles ^, B, C, by the letters 
a, ft, c. 

70. The sines of the a/ngles of a triangle are propor- 
tional to the sides respectively opposite. 

Let ABC be the triangle. Draw CD perpendicular to 
ABj or AB produced either way. 




K D ^ A. 

Then sin CAB = sin CAD = 





CA 



(With reference to the third figure, see Art. 26.) 

DC 



Also, sin CBA = sin CBD = 

sinCJjg CB 

" ' sin CBA " CA " 



CB' 



sin J a 
sin B 6 ' 



or. 



sip A AtlB 



a 



*7 

In like manner, if a perpendicular were let fall from 
B upon the side opposite to it, it might be proved that, 

sin A sin C 
a c 

Wherefore, 

sin J sin i? sin C 

a b c ' 

the magnitudes of the lines a, 6, c, being represented 
by the number of units of length they respectively contain ; 
for otherwise sin^ and a would not be quantities of the 
same kind, and consequently no ratio could exist between 
them. 

71. Since (Euclid i. 32), the interior angles of a triangle 
are together equal to two right angles, we have 

-4 + S+C=180^ 



Also; 


sin^ 
sin£ 


a 

V 




sin B 


b 




sin C 


c 



And if three of the parts of the triangle be given, the remain- 
ing three parts may be determined by these three equations. 

It is necessary however that one, at least, of the given parts 
be a side, or we have merely the ratios given which a, 6, c 
bear to each other, and their magnitudes cannot be deter- 
mined, because there are but two equations, 

_ sin -4 a ^ sin S 6 

namely, -r— - = - , and -7—77 = - , 
sm Be sm C c 

for determining the three unknown quantities a, 6, c. 

This also appears from the consideration that an inde- 
iGnite number of equiangular triangles, of all possible degrees 
of magnitude, can be formed by drawing lines parallel to the 
sides of a given triangle. 

H 
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72. There is however one case, commonly called ''the 
ambiguous ca«e," in which the equations of the last article 
are not sufficient to determine the triangle when three of the 
parts are given. 

If two sides be given^ and an angle opposite to one of 
them (a, b, A), t?ie triangle can be determined only in the 
case where the side opposite to the given angle is the greater 
of the two sides which are given ; i. e. when a is greater 
than b. 

The equations of the last article become 

B + C = 18(P-A (i), 

SinS = - . sin-4 (ii), 

a 

, sinC ..... 

sin J? 

If we can determine B from (ii), C and c are known from 
(i) and (iii), and the triangle is determined. Now the sine of 
an angle is equal to the sine of its supplement, and therefore 
there are two angles which satisfy (ii), the one greater and the 
other less than 90^. 

(l). Let a be greater than b; 

A>B. Eucl. I. 18. 



• • 



Now B cannot be greater than 90°, for in that case A + B 
would be greater than 180°, which is impossible, (Eucl. i. 17.) ; 

B < 90°, 



• • 



and the lesser angle which satisfies (ii) is to be taken for the 
value of B. 

(2). Let a be less than b ; 

.-. A<B. 

In this case there is nothing to guide us in taking the value 
of B from (ii), since the only limits, 

B + A<180\ and B>A, 

may be fulfilled whether B be greater or less than goP, 
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Thus if CB^Cff, it is 
evident that both the triangles 
ABC^ AffC have a, 6, A of 
the same values; also, in this 
case, 



z ^ is less than the exterior angle CBB\ or the exte- 
rior angle CB^D ; 

i. e. A is less than CBfA^ or CBA; 

.*. a<6. 
Which agrees with what has just been asserted. 

73. In the solution of triangles there are various artifices 
used, which will be pointed out in each case. We shall now 
prove some formulae of great use in the solution of plane recti- 
lineal figures. 

74. Tojind the cosine of an angle of a triangle in terms 
of the sides. 

Let ABC be a triangle, and from C draw CD perpendi- 
cular to AB, or AB produced either way. 






Then, figs. 1, 2, CB'^ JC*+ AB^-^ABAD, (Eucl. 11. 13.) 
fig. 3, CB^'^AC'+AB'+^AB.AD, (Eucl. 11. 12.) 



AD 
And — rr = cos CADy 



AC 



= cos CAB in figs. 1, 2. 
= - cos CAB in fig. 3. 



Art. 26. 



60 

Therefore, in each of these cases, we have 

CB'=JC'-\-AB'^2AB.AC.cosCAB; 
AC'+AB^-CB' 



.'. cos CAB = 



Or Cos A = 



2AB.AC 

2bc 



75. To shew that cos—=\/—^ 1 

2 ^ be ' 



where S = 



For 1 + cos -4 = 1 + — 

2bc 

2fec 
(b + cf-a' 



2bc 

_ (6 4 c + g) . (6 + c - g) 
2bc 



( A\^ 
Now, 1 + cos .1 = 2 ( cos- 1 , Art. S9. (2). 

And *S'-o = i(a + 6 + c)-a = l(6 + c-a); 



(cos|)^ 



2^.2(*S'-a) 



2 ^ 6c 
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. A /(S-b).(S-c) 

76. To shew that gin -- = \/ ~ . 

• 2 ^ be 



2 ^ be 

By Art. 39. (3), we have 

2 (sin — ) = 1 -^^^ - * ^, 

V 2/ 26c 

a*-(6-c) 



cos il = 1 



26c 
(a + c - 6) . (a + 6 - c) 
26c 
Now *S'-6 = ^(a + 6 + c)-6 = ^(a + c-6), 
and *S'-c = ^(a + 6-c); 

/ . A\^ 2(^-6). 2(*y-c) 

.-. 2 sin— = -r ; 

V 2/ 26c 

2 ^ 6c 

The positive sign of the root must be taken, because it, 
being an angle of a triangle, is less than 180°, and there- 
fore sin — is a positive quantity. 
2 

CoE. 1. (Sinjy 

= 1 - (cos Af^ (1 + cos A) (1 - cos A) 

= -i-. (6 + c - a) . (6 + c + a) . (a + 6 -c) . (a + c - 6) 
46V ^ ^ ^ 

= __L..2,S'.2(5'-a).2(*S-6).2(,S'-c) 
46V 

.,S.(A^-a).(*S'-6).(*S'-c); 



6V 

2 



... Sin^=T^^/{5'.(5'-a).(5'-6).(5'-c.)} 
6c - 
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A 

sm — 



Cor. 2. Tan^= 7= V c L x ■ 

cos— 

77* We will now explain the meaning of the double sign 
in the second member of the equation 

Co. f? . . ^/^^^ . 

2 ^ he 

Since cos (4» . 90° ± J) = cos A^ Art. 25. 

.-. cos (4 w . 90° ± -4) = ; . 

^ , ^ 26c 

Whence we get, in the same manner as in Art. 75, 



cos 



/ ^A\ /S.(S-a) 



Now the first member of this equation ought to furnish us 
with two sets of angles whose cosines are of the same mag- 
nitude but of different signs. 

First. Let n be even, and = 2m. 
Then Cos f2».90^±-] =cos(4w.90^±-) =cos (m.36()^± --j, 

which, by making m equal to 0, 1, 2, 3, ...successively, gives 
the series of angles 

A A A A 

2' 2 ' 2 ' 2' 



whose cosines are all of the same magnitude as the cosine of 

^A . A 

± — , or ot + — . 
2 2 
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Second. Let n be odd, and = 2m + 1. 

Then cos Un . 900=fc - J = cos | 4m . 90°+ ( 180^ =*"")[> 
which gives the series of angles 
180<^=fc-, 360°+ ( 1800 ±-), 2.360°+ [l80"=fc-J, 

whose cosines are all of the same magnitude as the cosine of 

A ( A\ A 

180P± - , which = cos f 180° I = - cos -. 

2 V 2/ 2 

Wherefore the first member of the equation does furnish us 
with two sets of angles whose cosines are of the same mag- 
nitudes but of different signs. 

Cor. A^ being an angle of a triangle, is less than 180° ; 

... Co.J-.V^-<f->, 
2 ^ 6c 

AndCosfl8(y-^l = -»/'^-(f-"). 
V 2/ ^ he 



78. By a similar process of reasoning, sets of angles 
may be determined, which correspond to the double signs 
with which the expressions we have obtained as the values 

, A A 

of sin — , tan — , and sin^, are affected. 
2 2 

We no^y proceed to the solution of triangles. 
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I. ON THE SOLUTION OF RIGHT-ANGLED TRIANGLES. 

79. The right angle, a side, and another part being 
given, to determine the remaining parts. 



Let ABC be a right-angled triangle, C being 
the right angle. 

(1). Let c and A be the other given quantities, 

b a 

Then - = cos A ; and - s= sin -4 ; 
c c 




{ lio^ = lioC + Zr COS ^ - 10 ; 
I lio« = lioC + Z» sin ^ - 10 ; 



lio* = lioC + L cos ^ - 10 ; which determines 6, 

which determines a. 



Also, Z J? = 90® - -4 ; which determines B. 

Had B been the given angle, the method of solution for de- 
termining A would have been the same. 

(2). Let A and h be given. 



c a 

Then - = sec -4 ; and ~ = tan A ; 
b b 



lio<^ = lio^ + L sec -4 - 10 ; which determines c. 
lioflf = I10& + L tan ^ - 10 ; which determines a. 

Also, 5 = 90° - -4 ; which determines B, 

(3). Let A and a be given. 

Then - = tan A; .•. 6 = , or = o . cot A. 

b tan A 

And l,o& = liott - L tan -4 + 10, 



or 



= liott 4- icot-<4 - 10. 
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Again, - = sin ^ ; 

... c = ~ — -, oraa.oosecJ. 

sin J 

And lioC = lio© - L sin ^ H- 10, 

or « IjQ© -I- L cosec J — 10. 
Again, B=^9(P-A. 

{4). Ze^ a, b he given. 

a 
Then, tan A ^-\ 



L tan A = lio© - lio& + 10, 

Again, fi = 90° - J. 

Again, - = sec -4 ; 

.•. ljQ<» s 1,q6 h- Z sec -4 - 10. 

We might determine c from c = \/(o^ + fr'^)* but the operation 
is tedious, particularly if a and 6 be large. 

(5). Let c and a he given. 

a 
Then, sin ^ = - ; 

c 

L sin J = liott - IioC + 10. 
Again, - = cos A ; 

lio^ = lioC + L cos A — 10. 
Or fe«=c*-a*=(c + a) (c-a); 
••• lio* = i {lio(c + a) + l,o(c - a)} ; 
which determines 6 without previously finding A- 



66 

80. Different methods must be used in different cases 
to determine the unknown quantities; for what is said in 
Appendix iii. 11. must always be carefully borne in mind, 
and such a formula selected as is calculated to give the result 
with the greatest practical degree of accuracy. 

Thus in the last case, if b be very small, the angle A is 
nearly a right angle, and the increment of sin A correspond- 
ing to a small given increment SA o{ the angle, 

sa 

[i. e. cos J . sin 5il . { 1 - tan A . tan — , Art. 60.], 

is inconsiderable, and does not, besides, vary nearly as the 
increment of the angle. In this case therefore the value of 
A cannot be determined from the Tables with any great 
degree of accuracy. (App. iii. 11.) 

The better way of determining A in such a. case will be 
first to find the value of 6, and then to determine A from 
its cosine. 

Thus cos -4 = - ; 

c 

.*. L cos A = liofe - lioC + 10, 

= lio\/ (^- «0 - lioc + 10, 

= \ . {lio (c + o) + l,o(c - a)} + 10 - l,oC. 

81. Example. Given c = 365-1, and a «= 348*3, to 
find A. 

(The Logarithms employed in the Examples we shall give, 
will generally be found in the three pages of Logarithms, sub- 
joined to Appendices i. and ii.) 

Here, c + a = 71 3*4, 

c — a ^ l6*8. 

Performing the operations indicated in the last line of the 
last Article, we have 
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lio713'4 = 2-8533331 
lio 16-8 = 1-2253093 

2)4-0786424 

2-0393212 
10 



12-0393212 
lio365-l = 2-5624118 

9-4769094 
And i cos 72°, 33'= 9.476938O See App. III. 9. Ex.4. 

Difference = 286 



Now diff. for l" is in this case 67*016 ; 

286 

and = 4-267 = 4-27 nearly, 

67-016 

Therefore A = 72°, 33', 4"-27. 

II. ON THE SOLUTION OF OBLIQUE- ANGLED TEIANGLES. 

82. Let two angles and the side between them he given. 
(A, C, b.) 

Since ^ + j? + C = 180^ 
,*. B = 180° - (-4 H- C) ; which determines JB. 

sin -4 
Affain, a = , —, — - ; 
^ sin jB 

•. liott = I106 + i' sin ^ - L sin S ; which determines a. 

sin C 
Afi:ain, c = o . — — - ; 

.-. lioc = lio«> H- L sin C - X sin B ; which determines c. 
If the value of B be not required ; since 
sin J? = sin {l80°- (^ + C)] = sin {A + C), 
we have 

lio« = lio^ + L sinA-L sin (A + C), 
and l,oC = I106 -h L sin C - L sin(^ + C). 
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83. Let two angles and a side opposite to one of them 
be given. (A, C, a.) 

Then, B=^180'-(J + C). 

. . ^ sin 5 

Again, b = a.--, — -; 

•• hob = ]ioa '\' L sin B - L sin A. 

or = l,oa + Lsm{J^C)-L sin J, 

. . sin C 

Again, c = a.- — -; 

sm A 

••• lioC = lioO + LsinC - L sin A. 

84. Let two sides and the angle included between them 
be given, (c, A, b.) 

First, to determine B and C. 

b sinB 

Also, ^=^!^. . lII^^^zI 

c sinC' ' b sinB 

c sm C 

. ^_Zl_ sin^-sinC tanl^(g-0 
" 6 + c sin5 + sin C " tan^(jB + C) " ^^^' ^^' 

And Tani(5+C) = tan^(l80<'-^) = cot^; 



.: Tan^(S-0 = ^.cot-; 



^ 



.-. itan^(5-C^ = I,„(6_c)-l,o(6 + c) + Zcot-. (2). 
^ (J? - C) being thus determined, and ^ (S + C) being known, 

and C = i(fi + 0-i(fi-C) / ' 

And o = c . -: — -- determines a. 

smC 
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85. Tke aide a can he determined without previously 
determining B and C. (c, A, b.) 

For a^ = 6* + c* - 26c . cos A 



= 6* + c* - 26c . Il - 2 f sin j I Art. $9, 



(3). 



. ^\' 



= (ft - cf + 4ftc . ( sin - j 

Now, — . sin — may be of any magnitude and sign, 

and therefore there is some angle whose tangent is equal to 
this quantity. Let 9 be this angle. 

Then Tan0 = ?^^^— .sin- • (l), 

ft-c 2 ^ ^ 

and o« = (ft - c)*. {1 + (tanfl^} 

= (ft-c)«.(sec0)2 

.'. a= (ft - c) .sec0 (2). 

From (1), Ltane=lio2+il,oft+41,oC-l,o(ft-c)+Lsin- , 

2 

= i(lio6 + lioc) + l,o2 + Z,sin~-.l,o(ft-c); 
which determines 0. 

From (2), l,oa«lio(ft-c)+Zsec0-lO; which determines a. 
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86. If b=c nearly, 6-c is very small, and -^ — . sin — , 

the value of tan0, is very large, (unless — , and therefore sin — , 

^ /£ 

be very small). And since the tangents of angles which are 

nearly right angles are very large, 6 in this case is nearly 

a right angle. 

Now if from its tangent we have to find an angle which 
does not consist of a certain number of degrees and minutes 
exactly, the additional seconds have to be determined on the 
principle that the increment of the tabular logarithm varies 
as the increment of the angle. But when the angle is equal 
to (2w + 1).90^ nearly, this principle does not obtain for the 
tangent, Art. 63, Cor., App. iii. 11 ; and therefore 6 cannot in 
this case be determined with an accuracy sufficient to enable 
us, from the equation o = (6 — c) . sec 0, to find a to any 
great degree of exactness. 

When therefore c is nearly equal to 6, and A is not a 
very small angle, the following method will give a with mor& 
exactness than the last Article does. 

a^z=:b^+ c^—^bc cos A 
= fe2+c2-26c.| 2 fcos-j -li Art. 39. (2), 

A 






= (6^+c^+ 2fec) - 46c . f cos — j 

Now (\/6 - ^/cy^ or 6 — 2 \/bc + c, being a square, 
is necessarily a positive quantity ; therefore the positive part 

of it is greater than the negative part, or b 4- c>2\/bc; 

.-. — IS fractional, and a fortiori .cos— is 

b + c b-i-c 2 

fractional. 
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Let therefore (j) be an angle such that 

^. , 2y/bc A . ^ 

Sind)= , .cos— (1). 

Then, d'^ (b + cf, {l - (sin0)«} 

/. a = (b + 6) >cos(p (2). 

From (l), L sind) = l,o2 + ilio6 +4lioC -lio(6 + c) + Zcos— , 

2 

= i (lio^ + lioC) + lio2 -h Lcos 1,0 (6 + c). 

2 

(2), lio« = lio (6 + c) + L cos - 10 ; 
which give (p and a respectively. 

87- //^^ ^«<^o «i(/^« 6e given and an angle opposite to 
one of them, (a, b, A.) 

We have shewn in Art. 72, that with these data the solu- 
tion is ambiguous, unless a be greater than b. But if a 
be greater than 6, we then have 

Sin jB = - . sin ^, where B is an angle less than 90°. 

a . 

Also, C = 180°- {A + B); and, c = o. ^-. 

sm^ 

88. Let all the sides be given, (a, b, c.) 
Now, Sin^ = ^ v" {S. (S-a).(S-b).(S- c)}, 

2 ^ 6c 



2 ^ 6c 

2 ^ aS . (aS - a) 
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If A be nearly 90°, the first formula will not give the 

value of B very exactly, because the increment of sin^ 

does not in that case vary as the increment of A^ and it 

is also very small; App. iii. 11 ;— .in this case any one of 

the last three forms may be used. And the second or the 

A A 

third form must be taken, according as cos — or sin — is 



2 



A 



the greater, i. e. as — is less or greater than 45°. Art. 64. 

A 

The fourth form is applicable in all cases except where — is 

nearly 90°. Art. 63. 

89. Examples. 1. If BC be a perpendicular object 
standing on a horizontal plane, its height may be determined 
by measuring in that plane a line AC^ which is /^ 

called a baae^ and observing the angle BAC with 
a proper instrument. 

* 

For BC^AC.tmBAC', 

.-. liofiC = lio^C + ZtanSu<C-lO. 

2. If it be not possible to come to the foot of the object, 
let a base AD be measured, such that the points 2), A^ C may 
be in the same line, and let the angles BDA^ BAC be observed. 

Here we have two angles given and a side 
of the A BAD. By determining the side BA 
we can, from the right-angled triangle BAC, 
find the height of BC. 





Thus, 



BA sin BDA 



sin BDA 



AD sin DBA sin {BAC - BDA) 



A J Di-r n J ' n An ATX ^^"^ BDA . sin BAC 
And BC « BA . sm BAC = AD . -~, — - — 



sin (BAC -BDA)" 



.'. \,oBC^\yoAD+LsmBDA+LsinBAC-Lsm(BAC-BDA)-lo 



I 
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3. If D be not in the line AC^ the height BC can yet 
be determined by taking proper observations. 

At A let the angles BAC and BAD 
be observed, and at D the angle BDA. 

Then in the A BDA we have the d 
angles BDA, BAD and the side AD 
given. If then BA be determined from 
these data, we can find BC from the right-angled triangle BAC. 




Thus, 



BA sin BDA sin SD J 



^2> sin DBA sin { 180° - (J?2)il + BAD) } 

' , ,^ dnBDA 

.-. BA^AD.- 



sin (fi/)^ + BAD) 

* , «^ « .. . ^ ^^ ^^ sin J?i<C . sin jBZ)-4 

sm (BDA + BAD) 

lioi?C= lio^D + i sinBJC+ Z sinSD^-L sin(S2>J+5^2))-10. 

It is evident that this determination of CB is not affected 
by the circumstance of D lying out of the horizontal plane 
which passes through A and C. Hence it follows, that if a 
straight base AD be measured in any direction from A^ and 
the angles BAC, BAD, BDA be observed, we shall be provided 
with sufficient data for finding the height of B above the 
horizontal plane passing through A. 

4. Required to find the breadth of a river ADj from 
observations made from the top of a tower BC whose height 
is known. (Figure to Ex. 2.) 

At B let the angles of depression of the points D and A 
below a horizontal line passing through B be observed. 
Since such a line will be parallel to CD, BDC and BAC 
are equal to these angles of depression. 

K 
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Hence we have. 



DA = BA . —, — . = BA . 



sin BDA 



sin £Z>^ 



BC sin (B-4C - JSDil) 



sin BAC 



sin £2>^ 



By working a few examples of this kind the student will 
soon become familiar with the management of Trigonometrical 
formulae. We add one more Example a little more difficult 
than the preceding, before leaving this part of our subject. 

5. Required the error in height arising from a small 
given error in an observation of the angle in Example 1. 



Let i?C = A, AC^a, zBAC = A. 

Let 5 A be the error in height produced by 
an error SA o{ the observed angle. 

Then h = a. tan Ay 




h + Sh = a, tan {A + ^A) ; 

.-. Sh= a. {tan (A + SA) - tan A] 



= a.i 



sm{A + 8A) sin a 
cos^A-^ SA) cos a 



} 



a. 



sin (A + SA) ,cosA — cos (A + SA) . sin A 
cos (A + SA) . cos A 



^^ sin\(A+U)-A] 
cos {A + 8 A) . cos A 



= a. 



in 8 A 



:sm 



= a. 



(cos A) 



2 



. Since cos A = cos (A + 5-4), nearly. Art. 6u 



7« 



Cob. Hence we may determine when the error in height, 
arising from a small given error in the observed anglc^, will 
be the least. 



For SA = a , 



sm 



u 



sm 



u 



(cos Ay 

k.smSA 



tan A (cos Ay 

2h.sinSA 



sin A . cos A 2 sin ^ . cos A 

2h. sin^^ 
sin 2 J 

Now h being constant, and SA being given, this expres- 
sion, which is the error in altitude, will be the least when 
An 2 A is the greatest, — that is, when 2 A =90", or A ^^5^. 

The observer therefore ought to move along AC till 
z BAC = 45^ and then by measuring AC he will determine 
CBy which is in this case equal to ACy with the least chance 
of error. 

90. To find the area of a triangle^ the sides being 
given. 

Let ABC be the triangle, and from C draw CD per- 
pendicular to ABy or to AB produced either way. 






Then Area of triangle ABC, being half the rectangle 
on the same base and between the same parallels, 

^^AB.CD^^AB.AC.sinCAB 

= icb.^.^{S.{S''a).(S''b).(S'c)]. Art. 76. Cor. 1. 

= ^/{S. (S-a).(S-b).(S- c)]. 
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^aK 



sin B . sin C 
sin(B + C) 



.91* The area of the triangle also = 

For Area =^JB.CD 

^^.JB.BC.sinB 

^IBC.^^.BC.smB 
^ siuA 

, 2 sin £ . sin C 
" *^ • sin (B + Cy 

since Sin J = sin {l80«- {B + C)} = sin (B + C). 

92. Tojind the radii of the circles described within and 
about a regular polygon of any number of sides. 

Let AB be a side of a regular polygon of n sides. 

Since the polygon is regular, it may 
have a circle inscribed in and about it, and 
each of the sides will subtend the same angle 
at the common centre C of these circles. 

Draw CD perpendicular to AB, 

Then AD^DB^ and CD is the radius of the inscribed 
circle. 

Let r = CD, and R = AC 
Now the sum of all the angles which the sides subtend at C 

= wx /lACB:=^360''; 




/. aACB^ ; 



.-. aACD^ 



/lACB 180° 



n 



2 



n 



And ——=: tan -4CZ> ; 
CD 



.-. r, = CD^ = AD . cot ACD « \AB . cot 



180° 



n 



(0 
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Again, R = AC = -. 



JD 



sin JCD . 180° 

an 

n 



\AB , , „ 1800 , ^ 
^'^ = iilB.cosec ...(2). 



93. To find the area of a regular polygon of any num- 
ber of sides which is inscribed within or about a circle of 
given radius. 

Let AB be an arc of the circle 
whose centre is C ; AB a side of the in- 
scribed regular polygon of n sides ; CE 
at right angles to AB^ and therefore 
bisecting it; FG a tangent through E ; 
then FG is a side of the circumscribed 
polygon of n sides. Let CA = r. 

36(P . 18pP 

ADB = 2 AD = 2 . r . sin ACD = 2r . sin « 2r . sm — ^ 




2n 



n 



J'G«2F£«2r.tan 



1800 



n 



A = area of inscribed polygon 

= n . ACAB 



= n. 



CA.CB. sin ACB 



n^ . 3600 
2 n 



Jt^ area of circumscribed polygon 

^n.b.CFG 



^n.CE.FE 



^n.f^. tan 



180^ 



n 
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CoK. These areas may be thus compared ; 

Area of inscribed polygon A CAD 

Area of circumscribed polygon ~ A CFE 

CD" 



CE? 
CD 



, since they are similar, 



= {^ 



180^2 



/ 180"\2 



94. To find the area of a regular polygon of n sides in 
terms of a side of the polygon. (Fig. Art. 92.) 

AB being a side of the polygon, we have, 

Area = n. ACAB 



= n. 


AB.DC 

1 

2 


n 
"2 


, AB. AD. cot jICD 


n 

2 


^„ AB ISCP 

. AB . . cot 

2 n 


n 

4 


(ABy. cot^^^. 
n 



96. To find the radii of the circles described in and 
about a triangle whose sides are given. i^ 

• 

Let the lines bisecting the angles A and 
B meet in O, and from O draw OD^ OE^ 
OF perpendiculars to the sides. 

Then, Euclid iv. 4, O is the centre of ^ 
the inscribed circle, and r its radius = OD ^ 
^OE=OF. 
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Now, Area of A ABC = A AOB + A BOC + A COA ; 



.-. r = \/' 



XS-a).{S-b).{S-c) 



S 



(0 



Again ; bisect the sides of the triangle 
in />, Ey jP, and draw perpendiculars which 
will meet in a point O which is the centre 
of the circumscribed circle ; and Rj its radius, 
^OA = OB^ OC. Euclid iv. 5. 

Area of ABC ^^ JC .AB .^in A, Art* 90. 
AAd A = ^ BOC, Euclid in. 20 ; 

BE 




.-. Sin ^ = sin ^ BOC = sin BOE = 



BO 



R ' 



.-. ^^x/{S.(S-a).(S-b).(S-c)}^^; 



.'. R = 



abc 



4^{S.(S-'a).(S'-b). (3-6)1 



(2) 



96. To find the area of a quadrilateral fi^re w/iose 
opposite angles are supplements to each other. 

Let ABCD be the quadrilateral. 
Let AB^ayBC^b,CD^c,DA^d; 
Join AC. 
Area ABCD = A ABC + A ADC 

^ ^ab. sin B + ^cd.smD 

s-^(a& + cc2).sin jB. 
since Sin D = sin (180^ - i>) = sin B. 




8Q 



Now from AABCy 

if ^ I 
a« + 6'-^C* = 2afe.cos5. 

And from AJBCy 

c^ + cP -^C* = 2cd.cos2) = -Scd.coSjB; 

.;. by subtracting, 

a* + 6* - c* - «P = 2 (aft + cd) . cos S ; 

..(rin.g)^x.i-(coBi?y,l-/"'t/'-^'-^r 
,. /f V ^ I 2(a6 + cd) I 



, I 



4(06 + cd)« - (o« + 6» _ c» -tP)« 



4(a6 + cd)* 
And (area ABCDf = \(ah + cdy. (sin fi)« ; 

-^ . {4 (06 + cd)* - (a* + 6« - c* - <P)*} 



= — . (a+6+c-d) . {a-\-b-\-d—c) . (c+d+a-6) . (c+d+^-ejt). 
lo • 

If «S » ^ (o + 6 + c + d), this equation becomes 

Area ABCD ^ ^ {{S - a) .{S -h) .{S - c) .{S ^ d)}. 



. / 



CHAPTER V. 



ON THE USB OF SUBSIDIARY ANQLKS. 



97- Def. An angle which is introduced to assist Trigo- 
nometrical calculation, (as 9 and in Arts. 85, 86,) is called 
a Subsidiary angle. 

98. Subsidiary angles are of great use and extensive 
application, particularly in adapting the formulae of Astronomy 
to logarithmic calculation. 

Examples, (l). Having given a, a, and ^, to deter- 
mine I in a farm adapted to logarithmic calculation from the 
equation. 

Sin a = cos I • cos S . cos a + sin / . sin ^ ; 

{Maddy's Astronomy by Hymersy Art. 118.) 

The equation may be written, 

' . 5 / . , 7 cos5.cosa\ 

Sm a s sm . I sin Z + cos / . ; — =j — 1 . 

V sm d / 

Now since tangents are of any magnitude and sign, there is 
8(mie angle 0, such that 

— , , sin cos S . cos a ft . ^ 

Tand), or V > = : — ;j — = cot a. cos « (1); 

' COS0 smd 

sin <p^ 



.*. Sin a = sin ^ . f sin / + cos / . ^ | 

V cos <f>) 



sm o 



cos 



9 



. (sin / . cos + cos / . sin <p) 



sin (I H- 0) 



cos (p 

o- /, ^N sin o. cos - ^ 

.-. Sin(/+0) = . . ^ (2). 



sin^ 

L 
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From (l), L tan <p ^ L cot 5 + L cos a — 10, which gives 0. 

(2), L sin (/ + 0) = L sin a + L cos ^ - Z sin 5, 

which gives I + (j), and thence /. 

(2). To ewpress a . cos + b . cos (0 + a) under the form 
A . cos (B + 0). 

Let p ^ a. cos + 6 . cos (0 + a) 

= a . cos + 6 . cos a . cos d - 6 . sin a . sin 0, 

= a . (l + - . cos a) . cos — 6 . sin a . sin 0. 
a 

Let be the angle whose tangent is - . cos a, 
' a 

or, Tan0= -.cosa (l). 

'^ a 

b , cos d) + sin d> 

.*. 1 H- - . cos a = 1 4- tan d> = '- 

a ^ COS0 

1 1 

— 7= . COS (b + — -pi . sm 

COS0 

/- sin 45° . cos + cos 45® . sin 

COS0 

y- sin(45<* + 0) 
= V 2 . —^ ; 

COS0 

/- sin (45° -f 0) f ^ 6 . sin a . cos . _ . 

.-. n = a. V 2. — ^ T-^-^- }cos0 7= *- . sin0(. 

'^ COS0 ^ a. V 2. sin (450 + 0) * 

_ ^ ^ , 6 . sin a . cos 

Let Tan0' = ^= ^?- , (2). 

a . V 2 . sin (45° + 0) 
Then o = av^ /^"^^^"'^^^ cos(0^ + g); (S), 

^ cos . COS 0' ^^ ^ ^ ^ 

A result of the required form. 
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(3). Adapt V — T + V ^^IT ^^ logarithmic com- 
putation^ by means of a subsidiary angle. 



/a - b /a + b o - 6 + a 



+ fe 



2a 
-v/(a' - 6*) ° 



^/(-.1 



Now - is necessarily a positive quantity, and it may be 
a* 
of any magnitude, let therefore 6 be an angle such that 

(Taney = — ; 0)- 

2 2 2 cos 



sin0\^ x/(cos0/-(sin0y 



\ a / \co8 0, 

2 cose ^^^^^ ^f ^jjg required form (2). 

(cos20)i 

(4). To adapt ^/{{a' + c»)^ - (a^ - c")' + («" + <=' " ^0*} 
^o logarithmic computation. 

Let the expression = p^ then 



p = a^ . 1 1 + — 



Let - = tan© (^)- 



a 



.'. p=a\(sec0y.\/\^l-{(cosey-(.sme)^ - (l -^(^^) } 
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Let T 3:tand> .(2). 

a-aecd 

.: p = o*. iaec9y. -v/[l - (cosZ9f-{l - (tan^)*}*] 

= a^ (secO)'. sin.e V{l - (5^^^^,} ^ 

Let . ^^ /^x« °ta"0 (^)- 

sin 20. (cos 0)* ^ 



And since (sec0V. 8in20 = - -~ .2sinS.cos0 »2 tan0; 

(cos©)'* 



^ (cos2<i')i 

.-. p^2a^. tan0.- ^ (4). 

•^ cos <p 



CHAPTER VI. 

ANALYTICAL TRIGONOMETRY. 



99. TuE circumference of a circle varies as its radius. 

Let P, p be the perimeters of two regular, polygons of 
n tsidcis ' each, which are inscribed in two circles whose radii 
are JR, r and circumferences C, c respectively. 




» 



I 




1 



Let X =i C -- P^ w^ c —p. 

Now as n increases, P and p increase ; therefore JC and 
a are variable quantities dependent on the value of n. 

Let ABy ab he sides of the polygons; C, c the centres of 

the circles. 

_ 360° 

Then z ACB = = Z acb, 

n 

and ACB, acb are similar triangles; 

R AB n.AB P C-X 

r ab n.ab p c -a? 

.*. R.C'-R.w^r.C-r.X. 

Now since R.c, r.C are constant, and A.cT, r,X are 
variable, we must have, Franccsur'^s Pure Mathematics^ 
Art. 167, 

R.c = r. C; 

c r 
.•. — = -- 5 or cocr. 
C R 
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c 
Cor. 1. Since cocr; .*. - is a constant quantity. 

T 

This constant quantity is always represented by 27r; the 
approximate value of x, (3-14159...,) will be determined here- 
after. 

Cob. 2. Since -=:2ir; .-. c = 2irr ; or 2^r represents 

T 

the circumference of a circle whose radius is r. 

100. If an arc be tranced out by a point in the line CB, 

by whose revolution from the position CA an angle ACB 

is described^ the angle ACB may be properly measured by 

arcAB 

the ratio — — — . 

radius AC 

Since in equal circles, and therefore in B 
the same circle, angles at the centre have the 

same ratio to each other as the arcs on which < 

they stand, Euclid vi. S3 ; ^ 

zJCB arc AB 




4 right angles whole circumference ABDA 

Art. 99. Cor. 2 ; 



.-. z ACB = 



^w.CA 

4 right angles AB 
2^ CA 



«T . 4 nght angles . . AB , 

Mow, since ° — is a constant quantity, — - increases 

27r ^ J* (.J 

or decreases in proportion as the angle ACB increases or 
decreases; therefore — — — is a proper measure of the mag- 
nitude of an angle, and we may say that the angle is equal 

arc 
to 



radius 



arc 
Cob. Hence, if = - — r: — , then Arc = rd, 

radius 
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101. In the preceding Chapters we have measured the 

magnitude of an angle by the number of times it contains a 

fixed and definite angle called a degree, and its subdivisions ; — 

for several analytical investigations, however, the circular 

arc 
measure — - — is much more convenient, 
radius 

When this circular measure is used, we shall, generally 
speaking, denote angles by the letters of the Greek Al- 
phabet. 

arc 

102. Having given the circiUar measure — — — of an 

radius 

angle, to determine how many degrees the angle contains ; 
and conversely » 

Let Q be the circular measure of the angle which con- 
tains A degrees. 

_,. circumference t , . - . i 

Since ri = Stt, and the circumference subtends 

radius 

four right angles, therefore Sir is the circular measure of four 

right angles. 

Now ^" ^ ffl^^ ^"gi^ ^ ^ . 
360® 4 right angles Stt ' 

.-. = 27r.--- « .A (1). 

360 180 ^ ^ 

= -017453... X A. 

Q 180 
And i4 = s60. — « — .e (2). 

2ir TT 

= 57-29577... x 9. 

Ex. 1. If A = 60, 

/I 60 

= .7r= 4x3-14159... « 1*04719 

180 ^ 



■ 

E;k» .2. . iBeqmr^ifbis f^wm^,^ degrees subtended by the 
arc which i$ eqwU tQ.the radius. ; 

Arc 
In this case 6 = — - — = 1 ; 

radius 

180 ^ 180<^ 

.-. A^ .0 = = 57^-29577 

TT 814159.. 

60 



a 



177462 



60 



44-772 



And the degrees, minutes, and seconds required are 

^ 57^ 17', 44"-77. 

CoK. It is often necessary to know the number of 
seconds subtended by an arc which is equal to the radium. 

The number of degrees subtended = 57*29577 

60 



minutes 3437*7462 

60 



number of seconds subtended=206264*772=206264'8 nearly. 

103. Comparison of the unit of measurement in the 
two methods of estimating the magnitude of an angle. 

If the arc subtending the angle be equal in length to 



arc 



the radius with which it is described, the expression 

radius 

becomes 1, and therefore this is the angle which is the 
unit of measurement when the magnitudes of angles are esti- 
mated by the circular measure. 

Now this angle, as it appears from Ex. 2, of the last 
Article, contains the angle which is called a degree 57*29577 
times; and therefore the one of these angular units is 
57*29577 times greater than the other. 



I 
I 
I 
{ 



104. Four right angles being i»epteseiited by 2ir, and 
therefore two right angles by ir, we have frcmi Arts. 24, 25, ^ 
if the angle il" be represented according to the circular 
measure by 0, 

sin = sin (2»7r + 0), or - sin (2n7r - 0). 

sin 9= -sin {(2n-f l)7r + 0},or sin {(2n4- 1)^-0^. 

cos = cos (2n7r + 9), or cos {2nir - 9). 

COS0 = - cos {(2n-H l)7rH-0}, or - cos {(2w + l)7r-0}. 

tan0 = tan (2n7r + 9), or - tan (2w7r - 9). 

tan0= tan {(271 + l)7r-f 0}, or - tan {(2/^ + 1) it - 0}. 

sec0= sec{2n7r + e}, or sec (2n7r - 0). 

sece= - sec {(2n+ 1)^ + 9}^ or - sec {(2w + \)7r-9}. 

105. If y^-\ — represent 2 cos 0, ^A«w x — will repre- 
sent 2\/- 1 sin 0. 

For - (sin0)«= (cose)^- 1 = ^. /'^ +i^ - i ; 

.-. -.4(sin0)^=.r«-2 + --; 

.-. 2 V - 1 sin fl = »i? . 

,r ■ 

106. Demoivre's Theoeem. To shew that for any 
value of XBy 

(cos0 =t v- 1 sin S)"* = cos m =t V'- 1 sin m9, 
(Cos e J= y/~i sin 0) . (cos 9 ± V^ sin 0) 

« (cos 0)^ - (sin 9Y ± \/^ . 2 sin . cos 0. 
Or, (cos0±\/- 1 sine)^= cos20± v^- 1 Rin26. 
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Again, (cos i >/ - ^ «»^ ^f • (^^^ ^ =*= y/^ «" 0) 



= (cos20±\/- 1 S11120) . (cos0:fc V - 1 sin0) 

= (cos20.cos0-sin2e.sin0)±\/-l . (sin20. cos0+co820. sinS) ; 

.-. (cos $ ± \/^ sin Of = cos 30 ± V' -H sin 30. 
Suppose this law to hold for m factors, so that 



(cos =fc \/- 1 sin 0)*" = cos mO ± -x/- 1 sin iw 6^ ; 
.-. (cos0=fc\/~sin0)»"+^ 
= (cos mO ^ v-T sin mO) . (cos ± \/ - i sin 0) 

= COSW0.COS0 — sinw0.sin0±\/-l .(sinm0.cosd + cos7»0.sin0) 
= cos (m + 1) ± \/- 1 . sin (m + 1) 9. 

If therefore the law hold for m factors, it holds for w + 1 
factors ; but we have shewn it to hold when w = 3, it there- 
fore holds when ms 4, and by successive inductions we conclude 
it to be true when the index is any positive integer. 

Again, (cos0:fc\/^sin0)-'" = | j== 

I cos ± V - 1 sin 

I (cosgy-t-(singy Y 
Icos0±\/^sin0| ' 

= (cos d =F a/ - 1 sin ^"*, by actual division ; 

= cos m© =p \/— 1 sin mO, 

a=cos(— w0)±\/— 1 sin (— WI0); 
which proves the theorem for negative indices. 
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Again, (cos 6 :t \/- 1 sin C)* « cos m9 * V^^sin md. 



But (cos — e ± \/- 1 sin — OY = cos w0 ± \/- 1 sin m0; 

.-. (COS© ± V - 1 sin ey = (cos - © ± V - 1 sm - 0)" ; 

ft w 

.\ (cos0±V- 1 sing)** =cos— ei=\/- Ism — 0; 

which proves the theorem for fractional indices. 

CoE. By the theorem just proved, 
(cos =fc \/- 1 sin 0)"' = cos w ± v- 1 sin m<^, 
m being positive or negative, whole or fractional. 

Let = 2p7r + 0, where p is any integer; 

H-0)«cos0, 1 
sin = sin (2jp7r + 0) = sin 6. J 

1. Let the index of (cos ± V'- 1 sin 0) be integral, as m ; 

Then cos rrnp = cos (2 wj? tt + wd) = cos «»^# 
sin m0 s sin (^mpir + »^0) — sin m0. 

Ml 

2. Let the index be fractional, as — ; 

n 

Then p, being an integer, may be represented by qn + r, 
where q may be or any integer, and r may be or any 
integer less than n; 

.-. cos -- d) = cos — (2p7r + 6) = cos — [2 (qn + r)7r + 0} 
n f^ n 



.\ cos a COS (So TT H- 0) = COS 9j 

^ * Art 104. 



= cos{»»^.2flr + — (2rr + ^)} 



cos- (2rir + d). 

72 



Similarly, sin — = sin — (2r7r + 0). 
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From these two cases therefore it appears that the theorem 
might have been thus enunciated ; 

If the indew . b^ an integer^ 

(cos ± v^~ 1 sin d)"* = cos mO i ^/^ sin md ; 
If the index he fractional^ 



m 



w ^_ »v •- — . m 



(cos0±'v/^sin0)'*=c 

n ' ' n^ ^ 

r 

where r is Oy or any integer less than n. 

% 

Note. It is to be observed that by giving r all values 
from to 7i - 1, we obtain from the second member of the 
second equation, the n different values of 

(cos ± V - 1 sin 0)«, 
107. If 2COS0 be represented 6y x + - , then 2 cos m d will 

X 

berepresentedby x"^ + '-^, and ^y/^ sin m0 by x™ « -~- . 

v ^ in • 



x"* 



For 2 cos d s ^ + - , 

a? 

And .-. 2 \/^ sin = a? , Art. 105. 

.•. by addition and subtraction, 

■ 

a? = cos + v^- 1 sin 0, 

1 ^ y 

- = cos - V - 1 sin d, 



' / 



a?" 



= (cosd + V- 1 sin d)« = cos mO + a/- 1 sinwi^, 
-; = (cos 9 - y/^l sin e)*" = cos we -^ \/^ sin m^, 
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— = i COS tnd. 



( 1 

la?'" + — = 2c 

... I "'" 



Cor. By making use of the equations of the corollary to 
Art. 106, we have, 

(l). The index being an integer, 

1 y — . ,. 1 
2 cos md = vP" H- — ; 2 v — 1 sm mO - a^ ; 



» ■ • 



a?" a?" 



(2). The index being a fraction, 



*W 1 -__ M 



2cos — (2r'7r + 0) = ^ + — ; 2V -1 sin— (2rw + 0) = 0?" 5;; 

where r is or any integer less than n. 

108. To express any positive integral power of the easing 
of an angle in terms of the cosines of the multiples of the 
angle. 

Let 2 cos = <r + — ; .-.2 cosnd = a?" + ->. Art. 107. 



Now (2 cos 0)" =a [ a? -I- - j 



= .17" + W . .r""* + « . ^7""* + . . . 

2 



w~l 1 1 1 

+ w. . — 1 + w. z + — (1). 

2 a?"-* a?"-^ a;" ^ 



= (^+l)+«.(^-»+-i,)^ (')■ 



1. If n be even ; the last term of (2), or the (^n + 1)^'* 
term of (1), is 

n-1 n — 2 «- ^n + 1 



n. 



3 An 



2. If n be odd ; the sum of the two middle terms of (l)| viz. 
the {^(n-1) + !}*»* and the {l.(n^l)+2p, 
(which have the same coefficients), is 

n-1 n— j^{«-l) + l 



n. 



2 



i(»"i) + i L + i'j 
^(n-l) 'V "^07/* 



Hence (2) becomes 

(9COS0)* =«2oo6nd + «.2cos(n-2)d+ ..• 

f n-1 n -4n+ 1 

I n . . . . r ; w even. 

2 ^n 

n-l n-i(n- l)-Hl . ,, 

«. ...- — y ; (' ■• ' .8006^; n odd. 

I 2 i(w-l) 

. 2""^ . (cos0)" = cosn0 H- n . cos(n - 2)^ 



n-1 
+ n . . cos (n - 4) © + 



the last term being 



- n-1 n -in + 1 

+ A . n . . . . ^ ; n even. 

^ 2 ^n 

n-1 n-i(n-l) + l ^ .. 

->- n . . . . f-7 : . cos 6r ; n odd. 

2 \{n-\) 

Thus, if n == 2, we have 2(cos0)^ = cos20 -i- 1, 

n = 3, 4(cos0-)^ = cos 30 + 3COS0, 

n = ^j 8(cosd)* = cos 40 + 4 cos 20 + 3. 



B6 

t 

109. To ewpresa any positive integrul power of the sine 
of an angle in terms of the sines and cosines of the multiples 
of the angle. 

Let 2 \/- 1 sin © = T ; .-. 2 v^- 1 sin w0 = a?" . 

And (2 \/-l ninOy « ^^ - - j 

2 2 df-^ a7"-2 a?" ^ ^ 

the upper or lower signs being taken as n is even or odd, 

I . Let n be even ; 

then (\/^)" = (x/rT)'-7= {(v/~)»}^= (- l/; 

(n \ '** 
— + 1 j 5 term of the expansion (l) is, 

n - \ n-4w + l 

=*^w,— — f ; 

2 in 

+ or ** according as this middle, or I — + 1 j , term is an odd 

or even term, i, e, as -^ is even or odd. Wherefore it is 

Q 
n 

of the same sign as (— l)^; and therefore when n is even, the 
series (2) becomes 

(- 1)^. 2" . (sin Oy « 2(cos n0) - w . 2cos(w - 2)6 

w - 1 , 

+ n. .2cos(n - 4f)0 - ... 

J- n - 1 w-^n + l 
• • • T V ^ * I n • • • • _ . 

2 ^« 



9e 



.-. (- l)i"2*'"* . (sin 9y* = cos n0 - n . cos (w - 2) f? 

n- 1 
+ n . . cos {n — 4)0 — ... 

... + (- 1) *«.— - — ... f . 

2. If n be odd, then (^/^^iY ^ ^~~i . (y/'Z^y^ 

aftd th« last binomial in (S) is 

n-l n-^(n-l)+l / 1\ 

4- or — according as there is an odd or an even number of 
binomials in (2), i. e. as ^ (n + I) is odd or even ; the sign 

— _i «-i 

thereforeof this term is the same as that of(— l)^ ,or(— 1). *, 

— and therefore, when n is an odd number, (2) becomes, 



ji-i 



( - 1 )~2" 2" . y/~ . (sin 9y 

= 2 \/ ~ 1 . sin nfl - n . ^y/ - 1 . sin (n - 2) + ... 

iLii n-l n-4(n-l) + l y . ^ 

.. +(- 1) « n. ... fi ^ .2\/-l.sin0; 

2 i(w-l) 

«-i 
.-. (- 1) * .2"-*(8in0y 

n — I 
= sinnfl - n . sin (» - 2) + n . . sin (n - 4) + ... 

.^ n-l n-4(»-i) + l . ^ 

... + (- 1) ^ n. ... f-T ^^ .smO. 

2 i(w-0 



97 

110. Toeofpand cosn0 ir^tisr^ of .^ip^& iiUmey n being 
a positive integer. 

Let 2cosds=a + -; .-. 2cosn0aBo" + — . 

a a* 

Now, (1 -ao^). ll j = 1 - fo + -| a?H- j?^ 

= 1 — ^ (6 — J?), 

. , if ( « a M- ~ »=»t cos-^ ; 

a 

Then L(l-o/r) + L^ - ^^ =l,{l -ci?(6-/i7)}. 

Expanding these logarithms, Appendix i. 14, iii, and ^himgifvg, 
the signs of both sides of the equation, we have 



= a?. (6 — J?) -I- — . (6 - a?)* H- . 



2 



w , dB* 1 

+ - + A— ,+•••-*'-. a?" +••- 
a ^ or n 

»-.2^ n-1^ ^ Ti"^ ' 

. And equating the coefficients of ^, 

n \ a^l 

1 J?* 

= —6% j which is the first coefficient of — . (b—xY\A 
n ^ n ^ 

. (n-1) 6'*"^ Uhe second coefficient of . (6 — a?)*"^?, 

TO— 1 w— 1 ^ 

1 (»-2).(w-3), , - , -. _ _, . ^^"""^ ,, , .. 

+ . ^^ i-5 ift^-S { the third coefficient of . (6 -a?)»-*i - 

n-2 1.2 ' w-2 "^ ^ '' 

The general term being the coefficient of that term of 

. (6 - afy-% 

nr-r 

which involves iT"; — and this being that term in the expansion 

N 
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(fr-a?)"'*^ which iiivolv«B a?% must be the (r + 1)^ in that 
expansion ;— ^iso this term is -f or — as r is even or odd ; 

Therefore the general term is 
f_l)r ^ (n - r) . (» - r - 1) ... (ii - 2r + 1) ^,.,^ 

Or. (-iy/"-^-^> ^"-"^-^^>.6'-^ 

I 

Writing 2cosn9 for a"+ — , and 2cosd for 6, 



a" 



the equation becomes, when both sides are multiplied by n^ 

n ^ 3 
2 cos n0 = (2 cos 6y-n, (2 cos OY'^ + n . . (2 cos 6)""*- . . . 

[the general term being 

, ^, (» -r- l),..(n-2r + 1) , /.v o -i 

(- 1)^ n . ^^ ^- — ^^ i . (2 cos ey- *^l 

In determining the series from the general term by giving 
different values to r, r must be taken of every positive integrd 

value not greater than — ; for since none but positive integral 

powers of (6 - w) appear, n — 2r, the index of 6 in the general 
term, must be a positive integer, or r must not be greater 

than — . 

2 

Note. In the proof of this Article the expansion of 
Ig (1 + a?) is used, in which it might be shewn that none but 
positive and integral powers of x cs^ enter. This method of 
proof therefore can only be applied to those cases in which n 
is a positive integer. In fact, it can be demonstrated that 
cos n cannot be expressed in a series of this form when ft 
is either negative or fractional. 
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111. Tq ewpreaa cosnd, n being a positive integer ^ in 
a aeries ascending by integral powers of cos 0. 

In the last Article cos n0 has been expressed in a series of 
descending integral powers of cos : by means of the general 
term there found, cos nO may be expressed in a series of ascend- 
ing integral powers of cos 0. 

1. Let n be even. 

Since the limitation of the value of r is that it shall not 

1 . t ^ .. , n n n 

be greater than -, for r write -, 1, 2, ...3, 2, 1, 

^ 2 2 2 2 

successively. 

The number of terms is ^ n + 1 ; and since r is diminished 
successively by 1, the terms are alternately positive and nega^- 

tive: the first term being of the same sign as (— 1)* ; 

.'. 2cosn0 

_^ {n-i^n-l)-l].\n-(^n-l)-S}...{n-H^n-l)+l] 

1.2.S...(^«-1) * ^ 



\n-(^n-2)-l].{n-(\n-S)-i\...{n-i(^n-3)+l} .g^^^„_ 1 

1.2.3.„(|«-2) *^ -* "7 



1.2...(^TO-1) 

^n.(j^n-H)4» (in-l)...6.5 ^^^^^,_ J 

1.2. 3, ..(-J 71 — 2) J 

n.(in^.l).in.(i«-l) ^^ J 

1 .2.3.4 ^ ^ j 



itto 



and dividing by 2,' 



C08»e=(- 1)» {1 --^ . (C0se)'+ ^7f, ^^ . (COS©)* 

n'.(«'-2').(n»-4') .... . 

-p -~- . (COS tj) + ...}'. 

1.2.3.4.5.6 ^ ^ ^ 

2. Let n be odd; r must not be greater than ^n; it 
may therefore be ^{n — i)j the integer next less than ^n. 
The number of terms is ^(w+ 1)> and the terms are alter- 
nately positive and negative. 

For r writing ^ (w - 1), ^(w-S), ^(n-5)..,S, 2, 1, 0, 
successively, we have as before, 

2cosn0 s 

^ ' \ 1.2.S...^(»-1) ^ 

„.|n-^(n-3)-l}„.6.5.4 ^2^^^^, 
1.2.3,..^(n-3) *^ ' 

And reducing the terms in the same manner as in the last case, 
when n was even, we have 

Cosn0=r 
(-1) « {w.cosd ^^ ^,(cose)'+— ^^ <-^ ^.(cos0)* 



». (n' -!').(«' -3').(n'- 5') . .,, > 

1.2.3.4.5.6.7 ' 



112. Having given taa6, to Jind tannd. 

* 

= (cos d + \/^ ^" ^)" 

= (cos Sy. (1 + V^. tan &)' 

=i(cos0)*. {l+«.\/^t*»^-**-— 5 — ^***^) 



_„.!Lzi.2Jl!V-l(tand)»+...} (1.) 
2 3 

I 

And equating the possible and impossible parts of this equation, 
Cosne= (cos0)». {l -^ -^^ • (**" ^y 

-j-n. .— -— - — : — .(tan^)*-... J (2.) 



Sinn0 = (cos0)V{ntan0-n.^?— -.— — .(tane)' + ...} (3.) 



w.tane-w. — _.-— -.(tan0)3^-... 
sinn0 2 3 

1 — n. .(tant7) + ...^ 

2 

CoE. If n be a positive integer, the series (l) will termi- 
nate, and the last term is (\/^ tan By. 

1. Let n be even ; then 

(Vri tan ey - (V ^f *^ (tan «)» = (- 0^ • (tan 0)" ; 



loe 



therefore tbe last term is (- l)« (tan 6)', and 



»tan0-«.^. — (tan0)'+...+(-l)^~'n(tan0)"-' 

Tann0= ;j 

i-7i.^^(tan0)« + (-l)*(tan0)- 



2. Let n be odd ; then 



n-l 



(\/-ltane)"=\/^.(\/-l)""'.(tane)-=\/-l.(-l) 2*(tan0)"; 



n-l 



therefore the last term is (—1) * (tan 6)*, and 



n-l n-2 ""* 



n.tsin0-n. . (tan0)'+ ... +(-1) * (tangy 

w^ ^ 2 3 

Tan»0= —^ 

l-w.^^(tan0)^+ +(-l)"~w(tan0)"-^ 



[The sign of n(tan6)""^ is the same as that of (tan0)", 
because every odd term in the expansion (1) has the same 
sign as the term immediately following it; and when n is 
odd, n (tan 0)""^ is an even term,* and has therefore the same 
sign as (tand)".] 



113. As the anglcy (which is supposed to be less at 

Jirst than a right angle) ^ is continually diminished^ each 

. • sin tan 9 

of the quantities — ^— and — — - approaches to 1^ and when 

u u 

vanishes^ each of them does become 1. 



Let AB be the arc of a circle whose centre is G and radius AC 



Let z ACB = ; and let AT touch the circle at A, 
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From B draw BN perpendicular, and 
BM parallel, to AC. 

Then MN is a rectangle, and 

AM = NB, AN = MB. 




Now arc AB > the straight line joining A and B^ and 
.-. >NB; and arc AB <AM + MB; {Legendre's Geome- 
try; IV. 9.) 

AB NB ^ NB AN 
> -^-^ and < -T-r: + 



AC AC 



AC AC' 



or, 9 >%mO and < sin 4- versin 9 ; 



Q , 1 - cos 

-7— r > 1 and < 1 + — ^-^- , 
siu u sm 9 



And 



1 — cos 
mi a 



2 



(-n i) 



2 sin - . cos - 
2 2 



. e 

sm - 

2 

Q 
cos- 

2 



tan -, 

2 



.-. -: — -z > 1 and < 1 + tan - . 
smd 2 



Now if be continually diminished till it at last vanishes, 

Q 

tan - continually decreases, and at last vanishes, in which 
case the value of -: — -., and therefore that of - v ■■',' be- 



sin^ 



e 



comes 1. 



Also ; — ;r— e — yr- X ;: , and if 9 vanishes, this quan- 

9 9 cos 9 

tity must become 1, since when the angle vanishes the value 

of the cosine is 1. 
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114. The area of a circle of radius r is ttt^. 

The area of a regular polygon of n sides inscribed in 
the circle is n times the area of a triangle two of whose 

sides are r, r and the included angle — ; 

n 

, sin — 

r^ . S-TT n 

.', Area of the polygon « w . — . sin — = wf^ . 



m 



Now as the number of the sides increases, the area of the 
polygon approaches nearer and nearer to that of the circle, 
and when n is infinite becomes identical with it, — ^in which 

case — ' becomes an infinitely small angle, and therefore 
n 

sm — 

—— becomes 1. Art. 113. 



.•. Area of the circle = ^rr^. 



115. To shew that Cos a = 1 + 



a. a 



1.2 1.2.3.4 



and Sia« = a-^-. «' 



1.2.3 1.2.3.4.5 

Since, Art. 112. (2), 
Cosw0=(cose)".{l-n. — .(tane)«+7i.— .^.!^.(taney-...}, 

let ^ = 5; 
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ah' 
.: Cos a = (cos €)'.{!--.- (tanC)* 



a a a 

2 8 4 ' 

Now this is true whatever be the value that is given 

tan G 
to d; and if be written for 0, — ^in which case — r— = 1, 

and cos0 = l, — we have 

.-. Co8a= 1 + (1.) 

1.2 1.2.3.4 ^ ^ 

By a similar substitution in the expression of Art. 112, (3), 

fi — 1 ft ~' Z 
Sin nQ = (cos 0)*. {w tan - w . . . (tan Gf 4- •..}, 

we obtain 

3 5 

Sina « a + » (2.) 

1.2.3 1 .2.3.4.5 ^ ^ 

If a be less than ~ , or a right angle, the series (l) 

2 

and (2) are immediately convergent. 

Note. To arrive at these expressions we have supposed 

— — - to become 1 when is written for 0, which is the case 

arc 
only when the angle is referred to the circular measure — r: — . 
•^ radius 

Hence a^ which is equal to nQ^ is also referred to the same 

measure in the series (l) and (2). 

o 
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116. The rine of a very small angle is equal to the 

angle itself very nearly ^ — the angle being expressed by the 

arc 
measure — — — . 
radius 

Let a be a very small angle. 
Then, by the last Article, 



Sin a = a — 



a 



L m iZ m S X«^*d*4«0 



— ••• = o • (1 — 



a' 



1.2.3 



-f* «••/» 



Now a being a very small angle, a^ and all higher powers 
of a may be neglected when compared with 1 ; 

.'. Sin a = a nearly, when a is very small. 

CoR. If a and /3 be two very small angles, we have 

Sin a a number of seconds in Z a 
Sin /3 ~ ^ number of seconds in z /3 * 

sin 2" 2 sins" 3 n -i. i. 

Hence, -; — j, = - ; -r—r, = r ; and generally, if n be any 
sm 1 1 sm 1 ' 1 

small number. 



// 



Sinn 



n 



.-. Sin 2" = 2 sin l", sin s" = 3 sin l", sin w" = n sin l". 

117, If a be an angle so small that a and higher powers 
of a may be neglected when compared with unity, equation (l) 
of Art. 115, becomes 

Cos a ~ 1. 

If a*, a' be retained, but higher powers of a be neglected, 
we have from (l) and (2), 



a 



Sin a s= a — TT 5 
o 



Cos a = 1 — 



a 



2 



Note. These approximations are often practically very 
useful. 
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118. If ^^^~^ and ^-^'"^'^ he expanded in terms of 
Qy/~i and - dy/^ in the same manner as €* is ewpanded 
in terms of x in the series^ 

^' =: 1 + a? + + + ... App. I. 18. ^or. 

^ ^1.2 1.2.3 '^■ 

thm, (I). Co8 0«i.(€^>^ + 6-^>^) 

(2). Sin0 = -4=.(€^^-€"'^) 

2V-1 

(3). Tan0 = -^.^^rv=^f7T- 



and c-»>^ = l-0.\/^-7-:; + rT^- V -^ + 



• • • 



1.2 1.2.3 1.2.3.4 

. pev^4.c-e^^^T«2.(l- — +— ^^ ...) = 2cose; Art.ll5. 

€ +€ ^-V^ 1.2 1.2.3.4 

.-. Cos0 = i(€<^^^ + e-«>^) .-OO. 

And, Sin0 = -4=(^'^-^'''^) ^^-^^ 



sm 1 ^ c 

cos 



Also, Tan0 = ::;:;;^=^^^7=j-^0v^^^->m' 



and multiplying the numerator and the denominator by e' 



5 



Tan0 = — =. -. -^ — - • — ^*> 



^^— j-g«ev^ + i 
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119. To prove Gregorie^a aeries, which is 



^e^T^ + g-e vri ^ 2 ^Qgg^ 



and e^V^n^- e'^'^^^^^Sy^ - 1 . sin0; 

.-. e^^^"^ = COS0 + \/ - 1 . sind; 

... l,e«>^^ = le cos© + 1,(1 +V"^ tang) 

V 

^ ( / — /, (-v/^tand)* (V^ltan^)* , 
ev^l=\.co&9+{V^lt&ne- -+— --■■•} 

(App. I. 14. iii.) 
, ^ J n (tanflV ._(tan0f 



and equating the possible and impossible parts of this equation, 
we have 

, ^ (tan0)^ (tan©)* (tan0)« 
' 2 4 6 



/. (taney (tanO)' 
and = tan - i ^ + ^^ ^ 



If tand be not greater than 1, or be any angle not greater 
than half a right angle, this series is convergent. 
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Cor. Tangent of ^ a right angle, for tan^j , = 1; 

TT 11111 

... -=i — + + + ... 

4 3 5 7 9 n 

2 2 2 

+ - — + -T + .-. ; 



1.3 5.7 9.11 



/ 1 1 1 \ 

= 2 + + + ... , 

Vl.3 5.7 9.11 / 



a series which is not convergent enough to enable us to calcu- 
late the value of tt very easily. 



120. To prove Euler*s series for determining the value 
of TT, which is 

4 



VS 3.2* 5.2' '") 

"^ li'sT?"^ IT? "•••/• 

By Art. 67, 

1 -1 

Tan-* 1 - tan-* I = tan"* 1 = tan"* \ ; 

^ 1 + i ^ 

.-. tan"* 1 = tan"*^ + tan-*^, 

, 1 1 1 1 

and tan-* * = :; " -^-^ + 7"^^ " -•• ^r* 119. 
^ 2 3.2^ 5.2* 

111 1 1 



3 3.3^ 5.3 



3 e o5 



• • • 9 



.-. Tan-*l, or -, = ( + ... I 

' 4' V2 3.2^^5.2* J 

■^ Vi"s7?"^5T3^""T 

a series which converges much more rapidly than th^it de- 
duced in the Corollary to the last Article. 
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121. To prove Machines series for determining -tt, 
which is 

w ^ n l_ 1 \ 

" Viig " 3 . (239y "*" 5 . (239)* ~ ** / * 

1 
1 — 

1 5 2 

By Art. 67, Tan"*! - tan"^ - = tan-* = tan~^ -, 

^ 5 13 

2 1 

tan"* — tan *- = tan * -5=tan"^ — , 

3 5 2 17 

1+^ — 
3. 5 

tan"* tan"*- = tan""^ = tan~* — , 

17 5 7 46 

"*" 5.17 

^_ 1 

1 9 1 , 46 5 ,/- 1\ 

tan-* — -tan *- = tan"^ = tan^M ; 

46 5 9 V239/ 



1 + 



5.46 



adding these equations together, and omitting the terms com- 
mon to each side of the resulting equation, we have 

Tan-^ 1 - 4 tan-* - = tan"^ (^^ | ; 

5 V239/ 

.-. tan-*l = 4tan-^- + tan-M 1; 

5 V239y 



TT /I ^ ^ _ \ 



[ 1 1 1 1 

\ 239 3 . (239/ ^ 5 . (239)' '" j 



In this way it is found that 

-TT = 3 . 141592653589793... 



Ill 

122. The tangent of a very small angle is equal to 

the angle itself very nearly ; the angle being eofpressed by 

arc 
the measure — 77^-. 

radius 

For 0=tan0-^: - + ... Art. 119. =ta.n0Al-- ^ + ...J. 

3 ^ 3 ^ 

Now when 6 is very small, tanfl is very small, and therefore 
(tanS)^, and all higher powers of tand, may be neglected when 
compared with 1 ; 

,', = tan 0, nearly, when 9 is very small. 

Cor. Hence, if a and j3 be two very small angles, we 
have 

Tan a a number of seconds in z a 

Tan (i /3 number of seconds in z j3 ' 

123. Having given tana, tan/3, tanX, to find 

tan(a + )8+ ... +\). 



(Cosa + y/- 1 sina) . (cos/3 -|- v^- 1 sin/3) 
=s (cos a . cos j3- sin a . sin )3)+v--l - (cos a . sin /3+cos /3 . sin a) 

= cos(a + /3) +'\/-l.sin(a + /3) (l). 

Suppose this law to hold for n factors, so that 
(cosa + v— 1 • sina) .(cos/3 + v -1 .sin/3)...(cos<t+v -1 .sin/c) 

= cos (a + /3 + ... + /c) + \/^ . sin (a + /3 + ... + ic) ; 
then by introducing another factor, we have 
(cosa+v — 1 • sina)...(coSic+\A-l . sin/c) . (cosX+v — 1 • sin X) 
= {cos(a+j3+...+/c)+\/-^.sin(a+/3+... + ic)}.(cosX+'\/-l.sinX) 

= cos (a + /3 + ... + X) + \/-l - sin (a + /3 + ... + X), by (1) ; 
and therefore the law holds for n -\-l factors. 
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But by adual i^aultipUcation the law has been shewn to 
hold for two factors, it must therefore hold for three factors, 
and thus by successive inductions we conclude that it holds 
generally. 
• 

Let Si = the sum of the quantities tana, tan/3, ... 

S2 = the sum of the products of every two of them, 

S2 = the sum of the products of every three of them ; 
and so on. 

Then cos (« + /3 + ... + X) + \/^ . sin (a + /3 + ... + X) 
= (cosa + \/- 1 . sin a) • (cos)3 + \/- 1 . sin /3)...(cosX + \/^ . sin X) 

= cosa.(l+V^.tana). cos/3. (iH-V-^. tan /3)...cosX-(l+\/-l.tanX) 

«cosa.cos/8...cosX.(l +\/-l , Si - S2 - v^-1 .Ss + S^^ ...). 

Wood's Algebra, Art. 271- 

Hence, equating the possible and impossible parts, we have 

Cos(a + /3+...+ X) = cosa. cos/3. ..cosX.(l-*S'»+<S'4-*S'6 + *-) 
Sin(a + j3+...+ X) = cosa. cos )3...cosX. (Si - Sz + S-^- ...); 

. To«r ^a^ ^\\ sin(a + / 3 + ... + X) Si-^S^-hS,- ... 
,-. lan(a + p + ... + X) = 7 y^ -r = ^ . 

^ ^ ^ cos(a + /3 + ... + X) 1 -^yg + iSi-... 

If there be n of the angles a, /3, ... X, it may easily be 
shewn, as in Art. 112. Cor. that 



1-1 



Tan(a + /3 + ... + X)- ■ , j ^ even. 



i-S2 + S^-...'^(-iySn 
Si''Ss + S,-...-\-{-ir^S„ 

i'-S2-^s,-...+i^^y^Sn^i 



, n odd. 
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184. If sin p- sin P . sin (z + p), required to expa/nd p 
in terms of sin F and of the sines of z and its multiples, 

Hym^rs" Astronomy^ Art. 233* 

Since Sin p = — ^==^ (e^ "^^^ - e"'' ^^^^) Art. 118. 

the equation becomes by substituting such values of Sin p and 
Sin (« + p), 

n=r-.(6i"^~i-€"-''^~)=sinP. — _=.(e(«+f).>rrr_g-(«+i)).vrT) 



2y/-i '2.y/ri 



and multiplying both sides of the equation by 2>\/- l . e**^^"-^, 
we have 

gS/'NTHT . 1 ^ sin P. (g(' + MV^:T _ g-'V^ 

= sin P. e'^^"^ . e*^^'^^ - sin P. e"'^^^ ; 
... g«pV-=-i (1 . sin P. 6'^~) = 1 - sin P. e 

1 -sinP.€-'^~ 



- «v - 1 • 
1 



... e8i»>r^ = 



1 -sinP-e*-^^^^ ' 



.». 2p\/^=U(l -sinP.e-*<^^)-le(l -sinP.c*^^^) 

= -sinP.€-^^^-i(8inP)^€-*'^~-^(sinP)'.e-»'^^^--j 

+ sin P. €'^^^ + ^ (sin Pf. e^* ^^ + -^ (sin Pf. e^'^r^+ ... 

Appendix I. 14. iii. 

.-. p « sin P. — 7=. (6'v^^ - 6 - ^~) 

2\/-^ 1 

+ i(sinP)». — 5=. (€"^^ - 6-''^ + ... 

= sin P . sin » + -^ (sin P)* • sin 2«? + -j^ (sin Py . sin 3j^ + ... 

p 
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125. In the same inaBiier if tan t ^n , tan /, and the 

tangents be expressed in terms of /\/- 1 and t y/ -\ by the 
formula of Art. 118, it may be proved that, 

Z' = / — «». sin 2^ + ^m? . sin 4Z - -Jm^ . sin 6/ + ... 

1 -n 



where m = 



1 + w 



126. Required the number of seconds contained in tfie 

arc 
ansle 0, which is ewpressed by the measure — - — . 

radius 

Let a be the required number of seconds. 

Now in the same circle 

arc subtending a' a 
arc subtending l" 1 ' 



arc subtending a 

radius 
arc subtending 1 

radius 



// 



// • 



, , , . arc subtending; a" 
But by hypothesis, — — = 6, 



and since I is a very small angle, 

arc subtending l" . ,, , 

.'. Y' = sin 1 , nearly, Art. 116; 

radius "^ 

e 



sm 1 



Note. This result is often of great use. 
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Ex. 1. Thus the number of seconds contained in the angle 

p, which, Art. 124, is expressed by the measure — — — , is 

radius 

p sinP . , (sinP)^ . ^ ^ (sinP)^ . 

sinl sinl. * sml' ^ sin 1 ' 



sin P . (sin Py . (sin Pf . 

or =-: — TT. sin^ + — : — jr sin2« + — -, — ^.sin3«+ ...Art. 117- 
sinl" sin 2" sms' 

Ex. 2. In Art. 125 we have 

The number of seconds in t 



t I w . . , f» 



8 



- . ,/ - . ,77 — T— 7/.sin2/ + i.-;^ — ;>.sin4/-... 
sm 1 sm 1 ' sin l ^ sm 1 

/ m , m'.sin4/ 

or =:-r--„- -r--77.Sin2/+ . ^n - ... 

sm 1 sin 1 sin 2 

[]The angle /, which is the observed latitude of a place, is 
read off in degrees, minutes, and seconds from the instrument 
by which the observation is made ; therefore to find the degrees, 
minutes, and seconds in T, we have only to determine the 
number of seconds in the latter part of the series, viz. 

- ^1 — ;7.sin2/ + -: — ^.sin4/-... . 
sm l" sm 2" -^ 

127. To ewpand in a series of the cosines 

' ^ 1 - e cos '' 

of and its multiples; e being less than 1. 

By hypothesis, e is less than 1 ; and since (l — 6)*, or 
1-26 + 6*, being a square, is necessarily positive, 1+6* is 
greater than 26. Let therefore 

26 
e = 



1+6*' 
46* /I -6*^^ 



46^ __ ( l-b^ Y 
•• ^"^==^-(1 + ^7^" Vl+6*j' 



= x/1 -e-; 

1+6^ 
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Whence. 6«=^-^^-^ 1 - x/l -e« 1 + ^1 -«« 



I + y/\ -e^ 1+ ^1 - ^ ' 1 ^. y/\ - ^ ' 



-.6 = 



l+\/l-.e*' 



Let 2 cos d = ,1? + - ; 



.'. 1 - ecos 



~.0-6-)-(i-^); 



^ 0^*^). ' ' 



1 —e cos 9 I —bx b 

1 -- 
w 



(1 +6af + 6*a?*+6V^+ ...) 
(1+ 6*) . { ^ 6 6» 6» 



+ (6 + fc^+ 6'+ ...). (.1?+ - 

+ (6" + 6"+" + 6»+* + ,..). ^o^ + i.^ 

- : }■ 



Now 1 -f 6*+ 6*+ ... 



^+63+&*+ ... 



X17 

1 



1 -^6* 
b 



6" 

1 - 0* 



COS0 1 1-6* J -6* 1-6* j 



1 — c cos 9 



. ^1 +26. cos + 26*. cos 20+ ,,.} 

1 - 6-* ^ ^ 

> |l +26.COS0 + 26*. COS20 +...}. 

V 1 - c** 



e 



Since c is less than 1, 6, or . , is small, and 

1 + V 1 -e* 

therefore this series converges rapidly. 

(l - e^) 

CoR. The equation to an ellipse is r = a. -, 

^ ^ l-ecos0 

the focus being the pole, and 9 being measured from that 

vertex Mfhich is the further from the focus ; 

.-. r = a.\/l -e-. {l + 26. cos + 26*. cos 20+ ...}, 



w 



here 6 = 



1 + \/l - e* 



1 28. To ewpand 1^(1 - e cos 9) in a series of the co- 
sines of 9 and its multiples. 

As in the last Article, 

1 - e cos = -5 . (1 - 6,3?) . I 1 — ) 5 

1+6* V ^J 

e r rk ^ 

where 6 = ^ an(J 2 cos = «i? + - ; 

1+Vl-e* cP 
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.-. l,(i-ecosd)=h^+K(l-6a?)+l,fl--j 



_b _^^ _x-- 



=1, — ~ -6.2cos0-i6^2cos2d-46'.2cos30-... 



And since 6 = 



l+\/l -e*' 



1 29. To expand (a* — 2ab cos 6 + b*)° «w a series of the 
cosines of and its multiples. 

Of the two quantities a and 6, let a be the greater. 

/ b 6*\* 

Now (a* - 2a6 . cos + 6*)* = a** I 1 - 2 . - . cos + — 1 . 

Let 2 cos = ti? + - , and - = c ; 

/ b ^ b'\ 

,-. I I -2. -cos + — 
a a^l 



= (l-ca,)-.(l-^)" 



, w-l«« w-ln-2 . 

^ 2 2 3 * 

x\l-n.- +W. .-; -w. . — - — .— +...}. 

^ w 2 iib^ 2 3 ar^ ' 
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Performing the multiplication, we have for the firat term, 
which does not involve a?, 

1 + (nc)« + (n . -_. . c^)« + (,» . . -_- . c«)« + . . . 

z 2 3 

The coefficient of ^, and also that of — , is 

n - 1 . ^ - 1 n - 2 „ « - 1 .^ 
— nc--n, . c X TIC - n . . . o* x w . ^ . c^ — . ^ 



. n-l / w-l\- n-2 , 
or - \nc + n*. . 0^*+ I w. j . .c + \ 

The coefficient of a?% and also that of — , is 

n-1 ^ o^-l ^-2 ^ / 7A-l\-w-2 n-3 , 
2 23 V2/34 

and so on. 

Now, ^ + — = 2 cos 6, 0?*- + -- r= 2 cos 2 0, &o. ; 

wherefore we have 

(a«-2a6cos0 + fty 

= a2".(l -car)", (l - -) 

. , 6 3 n-l 6' / w-l\2 n-2 6^ , 
-2cos0. in.-^nr^ . ,+ [n, . .-- + ... i 

^ , n-l b" ., n - 1 7^ - 2 6* . 

+ 2 cos 20. <n . . -- +» . . . -4+ ..4 



«^=' ' n-l n-2 b'Y 
2 3 aV 



o* 2 3 a^ 



*""•••• f » 
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In a manner similar to that employed in Art. 128, we may 
expand 1^ (a* - 2 06 cos + 6^)*. 

130. The approximations of Art. II6, 117» to the values 
of the sine and the cosine of a very small angle, may often be 
applied to determine the magnitude of Astronomical Corrections, 
when they are very small quantities. 

Ex. 1 . If Sin (ft) - y) = sin o) . cos u, where y is very wnallj 
required an approadmate value of y. 

Here, Sin a> . cos y — cos a> . sin ^ = sin oi • cos u ; 
.*. 1 1 j . sm ft) — 3/ . cos ft) s sm ft) . cos u ; 

.*. V • cos ft) H — . sin o) = sm ft) — sm ft) . cos u 
^ 2 

= sin ft) . (1 — cos u) 



= 2 sm ft) 



. sm — 

f y ^ f - ^V 

•*• y • } 1 + "" • **" <o} = 2 tan ft) . I sm — I ; 



2 

/ . u\ 

2. tan ft) 



/ . u\ 
. sm- , , ^ , 

y «3 = 2 tan ft), sm— A 1+— tan^i > 

s 2 tan ft) . (sin — j . <1 — . tan ft) + ....> 

Now neglecting the second and all the succeeding terms of 
the expansion, as being small when compared with 1, we have 
for a first approximation, (representing by y^ this first ap- 
proximation to the real value of y), 

( • ^V 

y^ = 2 tan ft) . I sm - I ; 
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And in the second member of the equation putting for y this 
its first approximate value, we have for a second approxi- 
mation, 

Since y = Stancy.f sin-j . \l --.tanw}, nearly, 

■ 

••. y *i 2 tan ft) .( sin — I . { I — - . tan w] , nearly, 
= 2 tan ftj . ( sm — I . p — tan w . I sm — I . tan wy 

= 2 tan ft) . I sin — j • < 1 — (tan &>)" . I sin — J > . 

The number of seconds contained in y, is (Art. 126.) 
y f tan ft) / . t^\ ^ (tan ft)) V . '^Y\ 

and the two terms of this expression having been separately 
determined by means of logarithms, the number of seconds in 
y is known. 

Hymers" Astronomy^ Art. 148. 

Ex. 2. In the same manner it may be shewn from 
Cos {z -^-y) = sin n , m\% . cos m + cos % . cos n^ 
when y and n are very small, that 

« 

n 

cos m . cot z 

2 
y * - n . 

y 

1 -♦- - . cot « 

2 
= — » . I cos m • cot %\' ( 1 • cot X J , nearly ; 



1^22 



whence, neglecting - . cot « with respect to cos w, and - . cot » 
with respect to 1, we get for a first approximation, 

y^= -n . cos HI, 

And for a second approximation, 

/ n \ ( n \ 

y as — n I COS m . cot «f ] . 1 1 h — . cos m . cot » 1 



n« 



as - w . COS in -f — cot « . (sin m\\ 

neglecting powers of n above the second. 
The nuntber of seconds in y is 

y n.cosw n^ . / • xa 

. ;/ * - •■-. — ,, + . ■ ,, . cot » . .( sm m)*, 
:sm 1 sm 1 2 . sm 1 v / » 

the tiEfrms of this expression are, as in Ex. 1, determined sepa- 
rately by means of logarithms. 

Hymera' Astronomyy Art. 124. 

131 . To *ea^andy indep&ndefUly of Deafmrne^a Theoremy 
Sin and Cos 9 in series ascending by powers of 0, assuming 

sin , , /> , 

that — -- necomes 1. when B beeomes 0. 



If sin 6 can be expanded in a series ascending by integral 
powers of 0, such a series cannot possibly contain any but odd 
powers of 6. For since sin = - sin (— ^^), it appears that when 
6 is changed into - d, the sine of 6 continues of the same mag- 
nitude, but changes its sign, — a result which cannot take 
place if the series contain either constant terms, or terms 
involving even powers of the angle. 
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Let therefore 

. sine ^ _^„ m „ a^^ 
u 

whatever be the value of 0, 

And if becoiQe 0, this equation becomes 

.'. in all cases, 

Sine = + a3 68 + ^5 0* + 

Again, since cos 9 » cos (- d), it follows that the series 
representing the value of cannot involve odd powers of : 
sioce if the series did involve such powers of 0, it would 
not continue of the same magnitude and sign, when was 
changed into -^ 0. 

Let .-. Cos$«ao + a, fl*-ha^d*+.... ' 
And if be written for 0, this equation becomes, I = a^; 

.-. Cosfl= 1 + Oj0-+a^0*+ 

Adding these values of Sin and Cos 6!, we have 

1+0 + a^O^ + a^0^ + a^0^ + ... = cos + sin ; 
writing + (f) for 0, 

i + (0+(p) + a^{9 + (py+ 03 (0 + <i>y+ ... 

= COS (0 + ^) + sin (0 + (p) 

s cos . {cos d + sin 0} + sin . {cos - sin 0} 

= {1 + o,0« +...]. {1+0 + 0^6^+ a^e^+... ] 
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and equating the coefficients of 00, 00*, 00p, 00* we have 



1. 


2 
1 






1 


.2. 


.3 




1 


.2 


1 
.3 

1 


.4 



Saj^flg; .-. a3 = - 



4>a^ = - flj ; .-. a^ = + 



and so on ; — the law of the coefficients being manifest. 

Hence Sin = + (l), 

1.2.3 1.2.3.4.5 ^ ^ 

and Cos0= 1 + (2). 

1.2 1.2.3.4 ^ ^ 

132. The expressions of Arts. 105, 107, 118, have been 
employed in Arts. 124, 127? &c. to expand certain quantities 
in the form of a series. The operation can be reversed, as in 
the following instances. 

To find the sum of the series, 

(1). Sin a + sin 2a + sin 3a +... -fsinna. 

(2). Cosa + cos2a + cos3a + ,.. + cos na. 

(l). Let 2v-lsina = a? — ; 

a 

.'. 2\/^ sin2a = a?* -— Art. 107. 

or 

2\/-lsin3a? = a7^ 

or 



\/— 1 sin na = .r" ; 



/r" 
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/. representing the sum of the proposed series by S, 

1 1 1 ^ _ 1 
w of c^ '" ^ 

1 0?" + ^ + W "l 

af-l 1 of of 

— cl» • • ^^^^^^ ^ 

.r - 1 .T 1 it? - 1 

1 

a? 



(^^* -^ ^) - ("* ^ i) 



a?i — 



.ri 



(2n + l)a a 

2 cos-^ 2 cos - 

2 2 

y . a- 

2 V -1 sm- 
2 



sin — . . 

^ ^ / I . sin ^ 

2 
2sin- ^ ' sm 

2 2 



sin — 
^ 1 f a (2n+l)al 2 

.-. ,y = ■ ' . <cos — cos > = — — 

. a \ 2 2 j . « 



(2). Similarly, 

2(cosa + cos2a + cosSa + ... + coswo) 



OS 






, l9,n + \)a , a 
sin^ - sm- 

2 2 

sin- 
2 
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cos . SIM 

.*. the series = — ,, 

. a 
sm- 

133. The formulae of Chapters II. and III. may some- 
times be employed for the like purpose. 

To sum the series^ 
(1). Sin a+sin (a+6) + sin (0+26) + ... +sin {a+(w-i) . 6}, 
(2). Coso+cos(o+6)+cos(a+26) + ... +cos{a+(7i-l) .6}. 
(1). Cos (a -^6) -cos (0 + ^6) = 2 sin 4-6. sin a Art. 51, (4). 
so cos(a + ^6)-co8(a + -|-6) = 2sin j-6. sin(a + 6) 
cos (a + fb) - cos (a +1-6) = 2 sin ^6 . sin (a + 2 6) 



cos|^a+— ^.6j-cos(^a+— ^.6j»2sin J-6.sin{a + (»-l).6}; 

.-. by addition, 
2 sin -J.6 . sin a + sin (a -j- 6) + sin (a + 26) + ... 

+ sin{a + (w-l).6} =cos(«-^6)-.cos(a + ^^:ii.6) ; 

. nb 
sm — 

.-. the series (l) = 1 . sin (a + ^-li . 6) . 



sin- 
2 



(2). In like manner we should have, beginning with 
Sin (a + ^6) - sin (a - ^6) = 2 sin ^6 . cos o, 
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and proceeding as in the last case, 

Cos a + cos (a -\-b) + cos (a + 26) + ... + cos |a + (n - 1) . 6} 



. nb 
sin — 

2 / « - 1 



. b 
sin — 

2 



. COS I a + . I . 



CoE. By writing a for 6 in these results, we should 
immediately obtain the results of Art. 132. 



CHAPTER VII. 

ON THB SOLUTION OF EQUATIONS AND THE RESOLUTION OV 
CERTAIN EXPRESSIONS INTO FACTORS. 



134. To solve a quadratic equation. 
I. Let a?^ + pa? - g = be the equation. 

TH«„.-{|V(f,)}-V^.{;^-V(^..)}. 

Let -| = (tane)' (i). 

I tan 9 tan (J j 



= -v^. 



1 T sec 6> 
tand 

/— cosdspl 

= - V 9 . —7—/, • 

sin0 



a ( ' ^V 

^ 2 . Sin - ^ 

Now — :-— - = = - tan- , 

smO .90 2 

2 sm - . COS - 

2 2 



COS 9 + 1 



2(cos-j 



sinff ,99 9 

2 sm - . cos - tan - 

2 2 2 
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If therefore Xi and or, be the two roots of the equation, 

— 6 
^1 =\/g. tan-, (2). 

^2-^^. (^>- 

tan- 
2 

From (1), we have, i tan »= lio2 + ^ . \^o9 - lioP + lOj 

which determines 6; 

(2), lio^^i = ^ . lioq -f Zr tan - - 10, 

2 

(S), lio(- ^s) = i . liog - Z. tan - + 10. 

II. If the equation he a^-pw — qtszOy the roots are the 
same as those of the preceding equation with their signs 
changed ; for the product of the roots with their signs changed 
{-q) remains the same, and the sum of their roots with their 
signs changed (the coefficient of the second term) changes its 
sign, but continues of the same magnitude. {WoocPs Algebra, 
Art. 281). 

III. Let the equation be ai^-paf + q^O; then 



..f.{.V(.-^')}. 



4(1 4iQ 

If ~ be less than 1, assume -7= (sin0)* (l). 

p* p 

Then*, ^1 and 0^2 being the roots of the equation, 

a7j = - . (1 +cosd) =p. (cos-j (2). 

«V8=--0 -co80)^p. fsin-j (s). 

From (1), L sin « lio2 + ^ . l^^q - li^p + 10, 

Q 

(2) lioa'i = lioP + 2 Z cos - - 20, 

2 

Q 

(S) ho^a = lioP + 2 L sin 20. 

2 
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IV. If the equation be aj^^pw -f- 9 » 0, the roots are the 
same as those of the last equation with their signs changed. 
(WoocTa Jlgebray Art. 281.) 

4(7 4flf 

Ii? the li^t two cases, if -4 be > 1, let -!•= (sec 6)*; 

then ^c=?.|i *\/-.[(sece)*- l]} ^-. {l Atan6>\/^}, 

and both roots of the equation are impossible. 

These solutions may be employed in preference to the 
common method of solution when p and q contain a great 
number of figures. 

Ex. Required the roots of x*+ 365*42 x - 8469* 1 = 0. 

By case (i.) we have 

LtmB^ l,o2 + i . lio346yi - lio865-4« + 10. 

By the Tables, 

lio2 = -3010300 
i . lioS4«9*l = i X 3-5402168 = 1-7701084 

10 



12-071 1384 
Subtract lio365-42« 2-5627923 



9-5083461 -= L tan 17^, 52', nearly ; 
••• lio^i - i • lio3469-l + L tan 8^ 5& - 10. 
i.lio3469-l = 1-7701084 

L tan 8^ 56' =» 9*1964302 

10-9665386 
Subtract 10. 



-9665386 « 1,0 9-2584, nearly. 
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Again, lio(-^j) « ^ . lio34^9l •- L tan 8«, 56'+ 10. 
10 + ^.1,0 3469-1 = 117701084 
LtanS^ 56'= 9-1964302 

2-5736782 « lio 374-69, nearly. 

Hence, the approximate values of the roots of the proposed 
equation are, 

9*2584, and -374*69. 

We might, after finding ^i, have determined w^ from the 
equation 

- (^1 + a?2) = 365-42. 

Wood's Algebra^ Art. 271. 

135. To solve a cubic equation. 

Let the equation when transformed, if necessary, to an- 
other which wants the second term {Woods Algebra^ Art. 284), 
be 

a^ " qw —r ^0\ 

if 0? » — , this equation becomes 
n 

j^ - qi^^y - ^w^ » 0. 

a cos 30 
Now (cos ^)' - f cos ^ « 0. Art. 55. 

And these equations are identical, if 

(1) Cos = y. 

(2) %^qn?\ and .-. n = |V -; 
Cos 30 ^3^ , ro8Sr/i=:4rn'^=- x/?! 



(3) JL:^rn^; and .-. Cos30 = 4rn'= - V 3- 

Let a be the least value of 30 which satisfies the equation 
(3) ; then one value of y is cos 0, or cos - • 
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Also since. Art. 104, cosa«cos(2m9r ^a), the two other 
values of y are contained among the values of 

Now m, being an integer, must be of one of the forms Sp^ 
3p±l. 

- 2 . 3p . TT ± a / a\ a . 

and cos = cos I Zpir ± - I = cos - . Art. 104. 

3 \ 3/ 3 

2(3p±l)7r±a / 27r±a\ 27r±a 

cos = cos 2p7r ± = cos , 

3 V S ) 3 

Wherefore the three values of y are 

a 27r + a Stt — a 

cos-; cos ; cos ; 

3 3 3 

and the three values of w^ or — , are 

n 

2X/-.COS-; 2'V-.cos ; ^XZ-.cos , 

^33 ^3 3 ^3 3 

136. The solution of a cubic equation given in the last 
Article applies to those cases only where all the roots are pos- 
sible : i. e. to the irreducible case of Cardan's rule. 

Wood^s Algebra, Art. 331. 
Since Cos a is always less than 1 ; 

'-<s/l 

2 27 

4 27 
which is the irreducible case of Cardan^s rule* 
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137- To resohe the equation x*^ — 1 = 0, into its qua- 
dratic factors. 

a^"-l = 0; 
Now (cos Q + \/^ . sin 6)*" = cos 2nd + \/- 1 . sin 2n 6, 



and if d s , m and n being integers, 



cos + V - 1 . sin = cos2m7r + V - 1 .sm2m7r 

\ n m I 

= 1, since sin 2fii7r « ; 



wtt y . m'Jr 



.!. a? = cos 1- V — i • sin 



V^^. 



n n 



Now m, being an integer, must be of the form p . 2n + f , 
where p is 0, or any integer, 

and r is 0, or any integer less than 2n. 



(p.2n + r)7r y — - . (p.2n + r)9r 
a? = cos — ^—^ + V - 1 . sm ^ '— 



Wherefore 

n n 



= cos 



(2p^ + — J + \/^.sin f2p7r + — ) 



7*7r > . rir 



Tir J— . TTT . 

cos h V - 1 . sin — . Art. 104. 

n n 
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And for r writing 0, l, «, ... 2n- I, successively in 



rir J . r*K 

CO = cos 1- V — 1 sm — ; 

n n 



(1) If r = 0. 



(2) 



(3) 



r=l, 



r = S, 



w =.1, 

a? = COS - + v-^ . sin — 5 
n n 



Of = cos 1- V — 1 . sm — 



n 



n 



(n+1) 



(2n - 1) 



r = w, 



07= - 1, 



r=2n-2, j? = cos 7r + \/-i. 



n 



. 2w-2 

sm TT 



27r 



. 27r 



(2n) 



= cos v-l.sm — . Art. 104. 

n n 

271-1 y— . 2n-l 

r = 2n-l, a?=cos 7r+V-l.sm tt 



n 



^ y . fr 

= cos V - 1 . sm — . 

^ n 



n 



Now the equations (l) and (n + l) give the quadratic factor 

(^-1).(a + 1) = ^'-1; 
the equations (2) and (2n) give 

[w - cos ^ - V"- 1 . sin^) [(JD - cos'^ + x/^. sin -) 



= Or 



2 ( cos — 



.^+ 1, 



and so on; 

wherefore we have 



*«»-l = (a;«-l). {a;»-2(cos|) .ar+l}...{a^«-2(cos'^») .»+l}. 
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138. To reaohe the equation x'*" + 1 «« into its qua- 
dratic factors. 

+ 1=0; 



Now (cos 6 + y/" 1 . sin Oy* = cos 2n0 + \/- 1 . sin 2n0, 

making 2nd=(2m + l)7r9 and proceeding as in the last Article, 
we have, 

2w + 1 J . 2m + 1 

s as cos IT + V — 1 . sm ir. 

2n ^n 

Also, assuming m^p.^n-^r, where j) is 0, or any in- 
teger, and r is 0, or any integer less than 2n^ we have, as 
before. 



2r + l y— . 2r + l 



2r + l y — 7 . 

Off s COB -TT + V — 1 . Sin 



Sin 2n 



(1) If r « 0, «? a= cos — + \/- 1 .sin — ; 
^ ^ 2n 2« 

(2) r=l, ^ = cos— +\/-l.sin — ; 



2« - 1 /— . 2» - 1 

(n) r = w - 1, ^ = cos tt + v - 1 . sm tt ; 

^ ^ 2w 2w 

2n + 1 J . 2n + 1 

(n + 1) r = «, .V « cos ir + v - 1 . sin tt 

^ 2n 2n 

2n— 1 y — 2n— 1 

aCOs(29r 7r)+v -l.sin(27r tt) 

2n 2n 

2» - 1 y . 2n - 1 

3s COS TT — V — 1 . sm TT ; 

2n 2n 

(these two are the middle terms of this series of equations) 
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(2n-l) r=2n-2, a?= cos tt + V - i . sm tt 

Sw y . 3gr 

= cos V - 1 . sm — ; 

2» 2» 

(2n) r=2w-l, a?= cos ^ - y^Cl . sin — . 

2n 2^ 

And forming quadratic factors out of the pairs of simple 
factors which are equidistant from the extremities of this 
series of equations, we have 

[Since (a?-cos— - + \/-i.sin — | . («?-cos \/-l.sin — ) 

\ 2?i ^n) \ 2n ^ 2n} 

= a^-2|cos — I .a? + l; and so with the others ;! 
V 2w/ -* 

^•• + 1= {a?«-2fcos — j.af+l} .{a?»-2[cos— Va? + l}... 
f g . 27i- 1 ^ , 

..Aar -2 (cos 7r).a?+ ij. 

^ 2» ' 

139. To resolve the equation x*°+* -1=0 in^o its 
quadratic factors. 

As in the last two Articles, 

(cos + \/^. sin 0)'^»+^ = cos (2n + 1) + \/^ . sin (2»h- 1) 

= 1, [if(2n + l)0»2m7r,or0 = ^^^,l 



_. ^8«+l . 



2m J . 2m 



»7#* y . Z?» 

,*. Of = COS TT + V - 1 . sin TT ; 

2W+1 ^ 2n-fl 
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And if m = p . (2n + 1) + r ; where p is or any integer, and 
r is or any integer less than 2n+ 1, it may be shewn ks 
before, that 

2r7r > — . 2rir 

Of =5 C30S + V — 1 .sin 



2n + 1 2n+ 1 

(1) lfr = 0, ar = l. 

* 271* J , 2ir 

(2) r = 1, 4? = cos h V - 1 . sin 



2n+ 1 2»+ 1 



, . 2n7r > — - . 2n^ 

(n + 1) r = 71, ^ = cos + V - 1 . sm 



2w+l 2»-hl 



2« + 2 y . 2n + 2 



(n + 2) r = » + l, a? =5 COS tt + v — 1-sin- ir 

^ ^ ' 2w-hl 2w + l 



/ 2n'7r\ y — . / 2nir\ 
sscos 2tr +v -1 .sin 27r 1 



2W7r y . 2wir 

as COS V — 1 . sin 



2» + 1 2n+ 1 



27r y . 2ir 

sin 



XTT y 

(2n + O r = 2w, ^ = cos v - 1 • si 

^ ^ 2nH-l 2w+ 1 

Hence, one root is 1, and a factor of the equation is ^ — 1, — 
and by forming quadratic factors out of equations (2) and 
(2n+l)5 — (3) and (2n), — ...we have 

^• + ^-l«Ct?^l). {^-2^cos^^J.^ + l}... 

...!«»*- 2 cos- .0?+ 1 }. 

* V '2n + l/ * 
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140. To resohe the equation x'" + ^ + l*:0 into Us 
factors. 

Here a?*"+^ = -l, 



(COS0+V-1 . sin0)*» + ^=cos(2w+ 1) +V -1 . 8in(2n+ 1)9, 



and let (2n + l) = (2m + 1) tt, or = -:: — -r tt; 



2«+ 1 



.-. (cos + \/^l • sin ey+i « - 1 



=:af8«+l; 



2m + l / . 2i» + l 

.*. a? = cos TT + V — 1 - Sin ■ TT- 



2n + l 



2n + 1 



Proceeding as in the last Article by making m=jp . (2n+l)+r9 

we have 

2r+l y . 2r + l 

Of St cos TT + V — 1 . sm:^ -w. 



2f* + 1 



2» + l 



(1) 



(2) 



(n+1) 



If r = 0, 



r=l, 



r = w, 



w = cos + V — 1 . sm 



w = cos 



2w + l 

Stt 
2n + 1 



2» + l 



+ \/^-7. 



Sir 
sm 



29^ + 1 



W = cos TT + V — 1 . sin TT = — 1, 



(8n) 



r a 2n — I9 a? s= cos 



— V - 1 • sm 



2» + 1 



2» + i' 



(2n + 1) 



r = 2n, 



^ = cos 



2^ + 1 




— V - 1 . sin — 



2«+ 1' 



and we have as before, 



^n + l^ 1 =s {a?+ li . {a?*- 2 (cos ^^^ |.a?+ li 



2«- 1 



{07^-2 (cos- v).a? + li. 
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141. To resolve Sin.d and CosO into factors. 

The values of 9 which satisfy the equation Sin = 0, are 

0, ±7r5 st27r, iSir, ±W7r, ... 

n being any integer whatever. 

Hence, the series which expresses the value of Sind is 
divisible by 

05 — TT, a + Tj CT — StTj v + StTj 

WooiTs Algebra, Art. 269. 

Let therefore 
Sin = a . . (0 - tt) . (d + tt) . (0 - 27r) . (0 + 27r)... 

where a is some constant quantity whose value is to be 
determined. 

... Sin 0=± a . . (tt - 0) . (tt + 0) . (27r - 0) . (27r + 0) 

= =.a.0...(l-^).x.(l4).2..(l-^).2..(l + ^^)..^ 

= ±o.7r*.2V.3V.&c. X0.(l--).(l- — -^ 



sin0 . o .0 » ,. o « /- ^ 




= ia.9r^.2V.3V.&c. >« (l - -^) • (^ " ^G^) 



Now if become 0, -^— becomes 1. Art. 113. 

u 

If therefore become 0, our equation becomes 
...Sm0 = 9.[l-^).[l-^).[l-^) (1). 
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Again, — the values of 6 ivbich satisfy the equation 
Cos = 0, are 

TT Stt Sir 2W + 1 



2 2 ' 2 ' 2 ' 



n being any integer whatever. 
Hence we have, as before, 



Cose=.6.^._.&c.(l-_).(l-— ) 



Now if d = 0, this equation becomes 

1 = ±6. — . 



2« 2" •■ 
g'^^N / 2*6>»\ / 2«0» 



...Cos0=(l-_).(l-_).(l--) (2). 

I 

TT 

CoE. If = — , the expression for Sin Q becomes, 

-f(-a-('-^)-(-i)(-^)-- 

gr 2^-1 4^-1 6*-l 8*-l 



. . ^ . g .... 



2 2* 4^ 6* 8* 

^ (2 - 1) . (2 H- 1) (4 - 1) . (4 + 1) (6 - 1) . (6 + 1) 

2 • 2* • 4« ' 6« 

2* 4* ff 8* 



.*. TT ^ 2 . 



l.S 3.5 5.7 7.9 

Wallis^s theorem for the determination of ir, in which 
the successive factors become more and more nearly equal 
to 1. 



APPENDIX I. 



01/ THE LOGARITHMS OF NUMBERS^ AND THE CONSTRUCTION OF 
THE LOGARITHMIC TABLES OF NUMBERS. 



1. Def. If n = a', w is called the logarithm of the 
number n to the hdse a ; or, the logarithm of a number to a 
given base is that power to which the base must be raised 
to give the number. 

If a logarithmic formula be generally true, whatever value 
the base may be of, the logarithms of the quantities involve4 
will be written thus, log m, log n. But if the formula be true 
only when the logarithms are calculated to some particular 
base, (as 10, for instance), they will be written thus, logioira, 
logw^; or thus, lioWJ, lio^. 

If n = a', and while a remains the same, successive values 
be given to n, and the corresponding values of x be registered, 
the tables so formed are called ^^ tables of a system of 
logarithms to the base a". 

It will hereafter be shewn. Art. 10, that a system of 
logarithms calculated to the base 10 is attended with peculiar, 
advantages, and the tables of logarithms in common use are 
therefore calculated to that base. 
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2. Since if n^afy x^\j%\ therefore, in all cases, 

Cob. I. If or s 1, n becomes » a ; and .*. \^a = I. 
If ^p = 0, a', or n, becomes 1 ; and .'. 1^1 = 0. 
Con 2. If a be the base of any system, since 

m = o^*'*, and n = o^, 

1 j_ 

.-. w^^^Oy and n^«**=a, 

... fn^^n^n 
A true result, whatever be the value of a. Wherefore, 

3. Required from tables of hgarithms calculated to a 
given baaCf as €, to form tables of logarithms to any other 
base, as 10. 

In =s €^t**, 
n = 10^10** 

and equating the indices of 6, 

hn^ 1^10. lion; 

Hence, the logarithms of any number n in two systems 
calculated to any bases, as 10 and e, are connected by a 

constant multiplier, viz. ^ — ;.-.and therefore from tables 
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of logarithms calculated to a base 6, we may form tables to 
the base 10. 

By writing a for 10 in this proof, we get \^n « = — . J^n, 

or, the constant multiplier connecting the logarithms of a 

number in the two systems whose bases are a and €, is | — . 

lea 

4. The logarithm of the product of any number of 
factors %8 equal to the sum of the logarithme of the several 
factors. 

For m.n.r... = ar^^.c^a^ . o^«^... 

But m.n.r...^a(^'''''")i 
.-. l.(m.n.r...) =l^«» + l.n + l„r + ... 
or, log(m.n.r...) = logw + logn + logr + ... 

Hence, if we find in the tables the number whose loga- 
rithm is the sum of the logarithms of the several factors, we 
obtain the product of those factors. 

5. The logarithm of a quotient is equal to the loga- 
rithm of the dividend minus the logarithm of the divisor. 



^l.(S) ^ ^ ^ ^ ^ ^l„..l.n. 



For ^ , 



>r log ( - ) = log m - log n. 



Hence, if we find in the tables the number whose logarithm 
is the logarithm of the dividend minus the logarithm of the 
divisor, we obtain the quotient. 
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6. The iagmrithm. «/ the c^*' power of any number is 

equal to c times the logarithm of the number^ c being 

either whole or fractionaL 

For o^(»*') = m' « {a^f « a*'**"^ ; 

'. la (♦»'') = <?• la^ ; 

or log (m*) = c . log m. 
Also oU^y = m^=(a^«'"y«a^-*-^' 

I 1 

Or, log (m<? ) = - • log m, 

c 

Hence, the c^ power of any given number is that number 
in the tables whose logarithm is c times the logarithm of the 
given number ; and the c^^ root of it is that number in the 

tables whose logarithm is ( - J of the logarithm of the given 

number. 

7- From the last three articles it appears, that tables of 
logarithms enable us, particularly where the numbers are large> 
to perform the operations of multiplication, division, involution, 
and evolution, with greater ease than by the common arith- 
metical methods. The easier arithmetical operations of addi- 
tion and subtraction cannot be performed by logarithms. 

8. In the common, or Brigga*, system of logarithms^ 

N 
where the base is 10, the logarithms of 10" x N, and --— , may 

be determined from the logarithm of N. 

For 1,0 (10» X iV^) = lio 10"+ \ioNy Art. 4. 

= n.liolO + lioiV, Art. 6. 
= w + lio-^« Art. 2. Cor. 1 . 

And 1,0 f — J « 1,0-^ - l,olO", Art. 5. 

= l,oJV-w. 
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Thus we find in the pages of logarithms printed at the 
end of this Appendix, (p. l64>.)9 

I106 = 0-7781515 ; 
.'. I106O = liolO + I106 « 1+ 0-77S151S « 1-7781513, 
I106OO = lio(lO^ + 1,06 = 2 + 0-7781513 = 27781513, 
lio'fi = I106 - liolO = 0-7781513 - 1, 
1„-O06=lio6-Iio(l0') =0-7781513-3. 
The last two logarithms are thus written, 1*7781513, 3-7781513. 

Def. The integral part of the logarithm is called the 
characteristic of the logarithm of the number ; the decimal 
part is called the mantissa* of the significant digits of which 
the number is composed. 

Thus, in I106OO = 2-7781513, 2 is the characteristic of the 
logarithm of the number 600, -7781513 is the mantissa of the 
significant digit 6. 

9- In the common system^ to determine the characteristic 
of the logarithm of any given number. 

If a number be between 
1 and 10, its log. is between and 1 ; .*. its characteristic is 0. 

lOandlOO, Iand2; .- 1. 

lOOandlOOO, 2and3; .- 2. 

10""*andlO" n-landw; .- n-1. 

Hence the characteristic of the logarithm of a number between 
10""^ and 10", (which has n integral places), is r^ - 1, or is 
less by one than the number of integral places which the number 
contains. 

Again, if the number be between 
1 and -- , its log. is between and - 1 ; .-.its characteristic is T, 

^^'^^T^' -land-2; .- 2, 

Ygsirawd — , -(n-1) and-»; .- i. 

* " MiNTissA ;" a handful thrown in over and above the exact weight ; an overplus. 

T 
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Hence, the characteristic of the logarithm of a decimal frac- 
tion having n - 1 cyphers after the decimal point, is n. 

Generally therefore, the characteristic of the logarithm of 
any mimber is the number of its digits minus one, — where 
if the number be a decimal fraction, the cyphers which follow 
the decimal point are alone counted, and are reckoned nega- 
tively. 

Conversely therefore, if logarithms be given having cha- 
racteristics 1, 2, 3...T, i, i... there are in the integral parts of 

the numbers to which these logarithms belong, 2, 3, 4 

0, —1, -2... digits respectively. 

Thus the logarithms of 254 and 25400 have for charac- 
teristics 2 and 4, and the characteristics of the logarithms of 
2-54, 25-4, -000254 are 0, 1, 4. 

The mantissa given in the tables for l]o3652 is '5625308. 
(p. 165). 

.-. lxo3652 = 3-5625308, lio36-52 = 1-5625308, 
lio365200 = 5-5625308, lio-3652 = T-5625308, 
lio -003652 = 3-5625308. 

10. T?ie peculiar advantages of Briggs"* system of 
logarithms. From the last Article it appears, timt if the 
base of the system be 10, it is requisite to register the 
mantissiB only in the tables, because the characteristics can 
be determined by counting the digits in the integral part 
of the number whose logarithm is required. This omission 
of the characteristics renders the common tables less bulky 
than those calculated to any other base. 

Also, from Art. 8, it appears, that in this system the 

N 
mantissa of N is also the mantissa of 10" x N, and of — , 

10» 

where n is any integer: — this circumstance renders the com- 
mon tables more comprehensive than if any other base were 
taken; — for if any other base were used, the mantissa of 

N 
N would not be the mantissa of 10". JV, or of — . 

10" 
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In the same way it might be shewn that if our arithmetic 
were duodecimal, instead of being decimal, tables calculated to 
the base 12 would possess the same advantages which have been 
here proved to belong to the tables in common use. 

11. The tables of logarithms in common use register, 
either to Jive^ or to 'seven^ places of decimals, the mantissse for 
numbers from 1 to 100000. There are printed at the end of 
this Appendix two pages of logarithms in which the mantissas 
are calculated to seven places of decimals. The line at the 
top of the second page begins with the number 3()50, or 36500^ 
and its mantissa '5622929 is placed opposite to it. And because 
the mantissas of all numbers from 36500 to S655% (comprised 
in the first six lines of the page), have the same initial three 
figures, viz. -562, these three figures are registered, once for 
aU, opposite to the number S650y and the four last figures 
of each succeeding mantissa are placed under the number 
to which they belong. Thus the first line of the page 



Num. 





1 2 


3 


4 


5 


6 


7 


8 


9 


3650 


5622929 


3048 3167 


3286 


3405 


3524 


3642 


3761 


3880 


3999 



gives us, mantissa of 36500 = -562 2929 

36501 = -562 3048 

36502 = -562 3167 

36503 = -562 S^SG^ 



and 



so on. 



In the same manner, the next line gives the mantissas 
of numbers from 36510 to S6519 inclusive. 

12. Since a change in the value of the three initial 
figures may not take place at the beginning of one of the 
horizontal lines, whenever a mantissa is to be taken from 
the tables^ we must be sure to get the right initial figures. 
Thus, (see p. l65), the mantissa of 36643^ is 5639910, and 
the last four figures of the mantissa of 36644 are put down 
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as 0029. Now if the mantissse of these two numbers had 
the same initial three figures, the mantissa of 36644 would 
be less than that of 36643, which we know cannot possibly 
be the case. A change in the value i>f the three iijitial figures 
does, in point of fact, take place here, — and the mantissa 
of 36644, (as do those of the numbers immediately following 
36644), begins with -564, and not with '563. Similar changes 
of the initial three figures of the mantissa occur at the numbers 
36729, 36813, 36898, 36983, and are indicated by printing in a 
smaller type the fourth figure of the mantissse of those num- 
bers. 

The construction and use of the small tables in the last 
column of the page will be explained hereafter. 

13. Examples. 

(1). To multiply 23 by 6. Art. 4. 
By the tables, p. l64.. Mantissa of 23 is -3617278, 

Mantissa of 16 is -2041200; 
••• lio2S= 1*3617278 
liol6= 1-2041200 



2-5658478 



And, p. 165, the significant digits corresponding to the mantissa 
•5658478 are 3680 ; 

.'. lio368-0 or lio368 = 2-5658478 ; 
and 36s is the product sought. 

(2). To multiply -0172 by -00241. 

1^0 -0172 = 2-2355284 
lio-00214 = 3-3304138, 



5-5659422, = L--0000S6808. 
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(S). To divide 3672 by 5100(K Art. 5. 

l,o3672 = 3-5649027 p. l65. 
Iio5l000 « 4-7075702 p. l64. 

2-8573325 

And, p. l64, we find this mantissa to be that corresponding to 
the significant digits 72 ; 

.-. 2-8578325 «lio '072; and '072 is the quotient sought. 

(4). Tojind the values of (15-4)^ and (650)s. Art. 6. 
l,ol5-4« 11875207 p. l64. 

3 

3-5625621 = lio3652-3, nearly, p. l65. 
.'. S6B^'S is the approximate cube of 15-4. 

Again, lio650 « 2-8129134, p. l64. 

.-. -.lio650= -5625826 = Iio3-6524, nearly, p. l65. 
5 

.'. 3-6524 is the approximate fifth root of 650, 
($). To find the values of (•085)\ and of (000065)4. 

2-9294189 = lio-085 



5-7176756 



and this is the mantissa of 522006, nearly. Therefore 
'0000522006 is the number sought, nearly. 

Again, Ijo -000065 = 5-8129134 = 6 + 1-8129134 ; 
.'. S) 5-8129134 



2-6043044 = 1 10 -040207, nearly. 
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14. To expand 1^(1 + x) in a series ascending by 
powers of x. 

Now a°= 1, or 1^1 = 0; and 1^(1 + a?) becomes 1^1 when 
<r vanishes, — ^the series therefore which expresses the value of 
1^(1 + ^) cannot involve any negative power of a?, (or it would 
become infinite when x vanished,) nor can it have a constant 
term, (or it would not vanish along with x). 

Let then Ax + Bx^ + Ca^ + ... = 1„(1 -h x) ; (l). 



.-. also, A{x-^ h) + B{x + hy+C(x + A)*+ ... = l„(l + d? + *), 
by writing x •{■ h instead of x. 

By subtraction, 

J.{(x + h)^x} + B.{(x + hy-x^}A-C.{(x^hy^x'} + ... 

or Ah + B.(2xk + A*) + C. (3a?«A + SxK" + A») + ... 



= U(l +x + h)- 1^(1 + x) 



, 1 +x + h , . 

= la-— 9 by Art. 5. 

I + X 



Dividing both sides of this equation by A, we have, 

A +B.(2x + h)j^C.(3a/'+3xh + h^)+ ... 

A ^ h 

-^B,- -iHh ... 



1 + ti? (1 H- x) 

Making A a^ o, 



1 +<j? 
= -<<.(1 -a?4-a?'-cr'+ ...) 
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Equating coeiBcients of like powers of x^ 

2B=-A, SC^A, ^D^-A, &c. 

.-. 5= , C = -, /) = --, &c. 

2 3 4 
/. 1„(1 +^)«^ (a? -- + -.-- +...) (i.) 

Cob. 1. Since ^ is a constant quantity, entirely de- 
pendent on the value of a, let e be the quantity whose value 

is such that e^ « a ; 

-T = Iga, or ^ s= r — . 

A lett 

and if the base be €, 

K(l + ^) = «"-- + y- (iii) 

We shall hereafter find the value of 6, which is a con- 
stant quantity 2*71 828 18.... Logarithms to the base e are called 
Napierian, from Napier, the inventor of logarithms, who 
adopted this base because logarithms to it are more easily 
calculated than those to any other base; as is evident from 
comparing the series (ii.) and (iii.) 

Cob. 2. ]^a = L {l + (a - 1)}? which by (iii.) is 

= (a - 1) -i (a - i)«+ ^ (a - 1)'- (iv.) 

1 1 



Cob. 3. A 



\,a (a-l)-i(a-l)«+i(a-l)»-...- 



Def. The quantity A, or | — , by which the logarithms 
calculated to the base € are multiplied to give the logarithms 
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to the base a, [for 1«JV= p- . J^JV, Art. 3.1 is called the 
modulus of the system whose base is a. 

16. We shall next investigate some rapidly converging 
formulae for the calculation of logarithms. 

By(iii.). \.-'IU-"-^)~-^^-l(Zz1V., 

But le- = lel-U^=-L^; 



a? - 






Again, 1. (1 + 5f) = )^ - - + ^ « . . . 

2 3 



2 3 



(v.) 






And If - — - = 0?, and .-. x^ , this becomes, 

If 4? be a little greater than l, this series converees very 
rapidly. •' 



A 1 

Again, l^ct? = 1^ (a^y = w . l^a?« 



1 

1 



= m. {(a?« - 1) -i.(^- !)«+ ...},Jby (iv.) 
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and, (^ being greater thao l), by asflutning m of suffieient mag- 

nitude, cff*^ may be made to differ from 1 by any definite 
quantity, however small the quantity may be; in which 
case, the succeeding terms of the series may be neglected as 
being of inconsiderable magnitude with respect to the first, 
and we have 

le* = «».(a?"' - 1) (vii.) 

16. Having given l^x, to Jlnd 1^ (x + z), z hdng small 
when compared with x. 

Expanding U 1 1 + — I by (vi.), we have 



(-3- 



1 

[since -^ ^ = 1, 

*• ' *" 2/17 + «■' 

+ 1 



(-3 



Cob. If sfsa 1, 



1 ir V 1 f 1 1 1 1 ^ I i^- X 

•^ ^ * \2j?+1 S (2a?+l)' 5 (2^+1)* j 

which is useful in computing !« (1 + w) from l^a?, particulady 
when a is large. 
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17- Having given the Napierian logarithms of two suo- 
cesaive numbers, x - l and x, to find that of the number newt 
following, 

1.(^+1) .i.fiii 

Expanding iJi - _j by (vi.) we have, 
[since—— -^l 

18. To ewpand a* »w a series ascending by powers of x ; 
i. e. to expand the nttmber in a series ascending by powers of 
the logarithm. 

a'={l + (a-l)}' 

2 2 3'^ 

let the coefficient of a?, which is (a-l)-^. (a- 1)^+^.(0-1)^-..., 
be represented by pi, and let the coefficients of /v\ r^,...be 
represented by pg, Ps, ....;-— then we have 



1 

I 
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Now «<*+•> = a* . a% 
or H-pi.(^ + «f)+P2(^ + «)*+ — +P«-(^ + «^)"+ — 

and equating the coefficients of the terms involving wx, ^Zy 
/p3», ...jf-^sf, ..• we have 









• • • 



Now p, = (o-l)-i.(ffl-l)' + i(a-l) - 

= La; by (iv.) 

1 1.2 1.2.3 1.2.3...» 

CoK. If the base be c, (xi) becomes 
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19. To Jmd the value of €r the base of the Napierian 
system of logarithms. 

If o^sl, and the base be e, the series for (f in the last 
Article becomes 



€ = 1 + 1 + 



1.2 1.2.3 
Now, 1 + 1 =2 
1 



+ ... + 



1 .2.S...n 



+ ... 



1.2 

1 

1.2.3 

1 

1.2.3.4 

1 

1 

1.2.3.4.5.6 
1 

1.2.3.4.5.6.7 

1 
1.2.3.4.5.6.7.8 

1 
1 .2 •3...«...8 .p 

1 
1.2. 3. 4.. ..9. 10 



ime^eem 



0416666666 



0083333333 



0013888888 



0001984126 



0000248015 



0000027557 



0000002755 



•7182818 

This gives the correct value of e, the base of the Napierian 
system, so far as the figures are put down. By taking more 
terms and a greater number of figures in each, we could de- 
termine the value of e to any required degree of accuracy. 

20. On the construction of the common tables of logarithms. 

From one of the series (v), (vi), (vii), the Napierian loga^ 
rithms of low primes may be found. The logarithm of a high 
number, which is not a prime, may be determined from the 
logarithms of its factors, by resolving the number into powers 
of its prime factors; 
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Thus, h288 = 1.2'.3*«L2*+L3*«5 xl.2 + 2 X l.S. 

And the expressions (viii), (ix), (x), will greatly facilitate 
the finding of the logarithms of high numbers which are primes. 

The Napierian logarithms having been determined, the 
tables to base 10 are deduced from them by multiplying each 

by 1 , which is equal to -434294819... Art. 3. 

•^ lelO ^ 

Some of the artifices used in computing the tables may be 
found in Sharpens *^ Method of making Logarithms^ prefixed 
to Sherwitfs Tables. 

21. In the common tables are registered the mantissse of 
the logarithms of numbers of five places of figures, these 
mantissae being computed to seven places of decimals; and 
at the side of each page is placed a '^ Table of proportional 
parts,^' by which, as it will be shewn, may be found the man- 
tissa of the logarithm of a number containing six or seven 
places of figures: and conversely, if a logarithm be given 
whose mantissa is not contained exactly in the tables, the num- 
ber corresponding to it may, by means of these additional 
tables, be determined to six or seven places of figures. 

22. On the construction and use of the tables of pro^ 
portianal parts. 

Let nil and m, be the mantissas of two consecutive integral 
numbers, n and n + l, which contain five digits each, and 

let m be the mantissa of the number n + — , which contains 

10 

siw digits, the last of which (a) is after the decimal point. 

a 
Now, since n and n + — have the same number of integral 

places, their logarithms have the same characteristic ; 



a 
« + — 

= 1.0-^, Art. 5.= I., (l+:^) 
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which, by expanding Ijo (^ + 1 by (ii.) and neglecting the 

succeeding terms as being small compared with the first term, 
becomes 



a 



Lio' low 



, nearly. 



Similarly, nt^ - 9i»i « \^ (« + 1) - lio» = | . - 



a 



m ^ nil ^ (tn^ — wij) • — . 

Whence m may be found, if m^, ii}2» a^ he given, 
determined, when mi, 9112, m, are known. 

23. By the Tables, page l65, 

Mantissa of S663S = 1112 = -5638725 



36632 s fill «= '563S606 



a may be 



.-. w»g - Wi = •0000119 



a 



And in the expression m- wii= (•»2- wii) — , writing for a the 
numbers I, 2, 8, 4, 5, 6, 7^ 8, 9 successively, we have 



a 



2 
3 
4 
5 
6 

7 
8 

9 



fW« — f»i 



•0000119 X — 
10 

or -00000119 
•00000238 

•00000357 
•00000476 
•00000595 
•00000714 
•00000833 
•00000952 
•00001071 



•0000012 nearly 

•0000024 

•0000036 

•0000048 

•0000060 

•0000071 

•0000083 

•0000095 

•0000107 



119 



1 
2 
3 
4 
5 
6 

7 
8 



12 
24 
36 
48 
60 

71 
S3 

9 1 107 
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Now, the " diflTerence''' put down in the Tables for num- 
bers near 36600, is 119, and the Table of proportional parts 
is as in the margin of the larger Table. 

We see then, that the significant digits only of the whole 
difference, and of the differences corresponding to the several 
digits, are inserted in the table of proportional parts. Hence, 
the following method of constructing tables of proportional 
parts is evident : 

Of the significant part of the whole difference point off 
the last digit as a decimal — this corresponds to the division 
of the whole difference by 10, when the whole difference 
is treated as an integer. Multiply this number by 1, 2, 
3,.. .9 successively, and the whole numbers thus obtained (the 
last digit in the integral part being increased by unity where 
the decimal part is not less than -5) are the significant parts 
of the differences for the digits respectively. 

Thus, let the significant part of the whole difference be 156. 



15*6 X 1 = 15*6 = l6 nearly. 

... x2= 31.2= 31 

... X 3= 46.8= 47 

... K4= 62.4= 62 

... x5= 78-0= 78 



15-6x6= 93^6^ 94 nearly. 
... X 7= 109-2= 109 



... X 8 = 124-8 = 125 



... x9 = 140-4= 140. 



By constructing a table of this kind we see, that if the 
digit be given, the difference is immediately known, or vice 
versd. To avoid the necessity of performing the operation of 
subtraction in any particular case, in order to find the whole 
difference, there is a line in the tables marked at the top with 
" Diff.'', in which the difference is placed opposite to that lo- 
garithm at which such difference begins. To know what the 
difference therefore is in any particular case, it is merely 
requisite to take the number in this line next above the loga- 
rithm in question. 



Y^b 



i\ 



Ex.J'l.^ ^ojind the number whose logarithm is 3'5677766. 

By j^the tabifes, p. 165, tba ma'ptissa nextlielow the given 
mantissa is that of lio36963, and the whole diflTerence put 
down is 117. i , * , 

Mantissa of the given logarithm = m = -5677766 
Mantissa of T,^ 36963 ' t= fcij = -5677672 



.\ m - mi = 94. 

By the table of proportional parts to " Diff/' 117, the dif- 
ference 94 corresponds to the digit 8, — therefore the significant 
part of the number sought is 3696S8; also since the given 
logarithm has 3 for its characteristic, the number required 
18 3696-38. 

Ex. 2. Required the logarithm of 367*654. 

By p. 165., l,jj 367-65 =2-5654346 
And " Diff.'' being 118, Part for 4 = 47 



■ ■ ■ < I 



.-. Ijo 367-654 = 2.5654393 



24. Tojind the mantissa of the logarithm of a number 
which has seven places of digits. 

Let f»| and m2 be the mantiss® of n and n + l, two 
successive integers of five places each: let M be that of 

n-\ 1 , which has the same number of intesrral places 

10 100 ^ ^ 

as n and » + 1, and also one digit (a) in the place of the 

tenths, and another (6) in that of the hundredth^. ^ . , ^ ^ . , 

^ a h 
Now, since n and n + y — havjp the same . number of 

integral places, their logarithms have the same characteristic;^ '^ 
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a b 






w + — -H 



h \ ^ , 10 100 

10 



n 



•-• i^ + TT-) ^^y 0')' 



1,10*71 * VlO lOu 
neglecting the terms of the series after the first. 
Similarly, m^-mi^ lio (« + l) - 1^ 



10^* 



.'. JIf - mi *= (mo - m,) . 1 -^ 4- — I 

^ ^ VlO 100/ 

■= (Wfo — mi) . ~ — f- — • < fm© — mi) . — 
^ ^10 10 \^ ^10 



/• 

Now the first part of the expression, (m^ — mj) . ^— , is 

the quantity to be added to mi foi* the Jlrst additional digit a^ 

Art. 22. ; and (mo - mi) . — is what would have been added, 

XO 

had b been the ^r«^ additional digit, instead of being the 

second: — wherefore the quantity to be added for 6, when 

it is the second additional digit, namely. 



~.|(m.-m,).-}, 



is the tenth part of what would have been added, had b been the 
Jirstf instead of being the second^ additional figure. 

The following Examples will explain what has . been 
said* 
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Ex. U To find lio 3684-286. 

By the tables, p. l65, lio3684-2=S-566S432, and "DifF.'' being 

118> the part for bl Jirst additional digit 8 is 94»; and for a 

first additional digit 6 the part is 71, and therefore the part 

71 
when 6 is a second additional digit is — , or 7*1. The operation 

is thus performed ; 

lio 3684-2 = S'5(i6S4t$% 
Part for 8 = 94 

Part for 6= 71 



.-. lioS684-286 = 3-5663533 



Ex. 2. To find the number whose logarithm is 2'56B6560* 
2-5656560 
Now 2-5656471 « lio 367-83, p. l65. 



89 

83 = Part for digit 7. " Diff-'' being 118. 

6 K Part for a second digit 5. 

.-. 2-5656560=: lio 367 -8375, 

and therefore 367*8375 is the number sought. 

25. On the adaptation of formulce to logarithmic com- 
putation. 

After a table of logarithms has once been constructed, the 
labour of going through long arithmetical operations can be 
materially diminished, while at the same time the chance of 
committing errors is lessened. But, by referring to Articles 4, 
5^ 6 of this Appendix, it will appear that the sole arithmetical 
operations which can be performed by logarithms^ are those <if 
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jMultiplication, Division, Involution, and Evolution, ^o 
avail ourselves therefore of logarithmis in calculating the value 
of an expression, the expression must be put into such a form 
that no other arithmetic operations than these shall require^ to 
be performed. Such an arrangement of an expression is called 
the adaptation of it to logarithmic computation. 

Thus if a, 6, c, the three sides of a triangle, be given, 
logarithms cannot be directly applied to determine the value of 
cos A from the equation, 

b^^e^^a'' 

Cos A = ; Art. 74, p. 59. 

2bc 

but if from this equation we deduce the formula, 

Cos— = \/ — ^^- ^, where *y=i(a + fc + c). Art. 75, p. 60^ 

we can immediately apply logarithms to determine the value 
of Cos — . 

2 

For a, 6, c being given^ S and S -a are easily deter* 

J 
mined, — and these being known, cos— is determined from 

the equation 

1,0 Cos ^ = ^ |l,o [.S . (-y - a)] - l„6cf 



The two accompanying pages of logarithms are taken from 
Babbage^s Tables, the most correct and the best arranged of 
any which have been published. The columns are omitted 
which in those Tables are given to determine the number of 
seconds in an angle containing a given number of degrees, 
minutes, and seconds, and conversely. 



lCr4 



lOMOOQO 

4^020600 
569891700 

^^778161S 
.7B45(»80 
.^19030900 

100000000 

110413^27 
1S0791S12 
181139434 
14 1461 £80 
151760913 



162041£00 

172304489 
18 25527S5 
192787536 
^3010300 



22 



3222193 
3424227 



283617278 
243802112 
25 3979400 

264149733 
274313638 
284471580 
29 4623980 
304771213 



31 
32 



34 
35 



4913617 
5051500 



335185139 



5314789 
5440680 



365563025 

375682017 
385797836 
395910646 
406020600 

41 6127839 
42^232493 
436334685 
446434527 
45.6532125 

466627578 

476720979 
48|6812412 
49,6901961 
50:6939700 



5>1 7075702 . 101 
52,Zl60C^3 l Oa t 
537242759 103 
54 7323938 104 
65 7403627 105 

m 7481880 

57 7558749 

58 7634280 

59 77O8520 

60 7781513 



61 
62 
63 

64 
65 

66 

er 

68 

69 
70 

71 
72 
73 

74 
75 

76 

77 
78 

79 
80 

81 
82 
83 
84 
85 

86 

87 
88 

89 
90 

91 
92 
9S 
94 
95 

96 
97 
9S 

99 
100 



7858^9^ 
7923917 
7993405 
8O6I8OC 
8I29134 

8 195439 
8260748 

8325089 
8388491 
8450980 

8512583 
8573325 
8633229 
8692317 
8750613 

8808136 

8864907 
8920946 

8976271 
9030900 

9084850 

9138139 
919078I 
9242793 
9294189 

9344985 
939519s 
9444827 
9493900 
9542425 

9590414 

9637878 

9684829 

9731279 
9777236 

9822712 

9867717 
9912261 
9956352 
0000000 



106 
107 
108 
109 
110 

ni 

112 
113 
114 
115 

116 

117 
118 

119 
120 

121 
122 
123 
124 
125 

126 
127 
128 

129 
130 

131 
132 
133 
134 
135 

136 
137 
138 

139 
140 

141 
142 
143 
144 
145 

146 

147 
148 

149 
150 



0043^14 
00^6002 
0128372 
0170338 
0211893 



0253059 

0293838 

03342381 

037426 

041392 



04532 
04921 8 
0530784 
056Q049 
060697s 

0644580 
0681859 
0718820 
0755470 
O79I8I2 

0827854 
0863598 
0899051 

0934217 
0969100 

1003705 

1038037 
1072100 

1105897 
1139434 

1172713 
1205739 
1238516 
1271048 
1303338 

1335389 
1367206 

1398791 
1430148 
1461280 

1492191 
1522883 
1558360 

1583625 
I61368O 

1643529 
1673173 

1702617 
1731863 

176b9l3 




X5l I78976Q 

l5Si. 1818m 

153 1 846914 

154 1875207 

155 J903317 

1931246 

1958 

1936571 

2013971 

20412 

206825! 

20951 

2121876 

2148438 

2174839 

166 2201081 

167 2227165 

168 2253093 

169 2278867 

170 2304489 

171 2329961 

172 2355284 

173 2380461 

174 2405492 

175 2430380 

176 2455127 

177 2479733 

178 2504200 

179 2528530 

180 2552725 

181 2576786 

182 2600714 

183 2624511 

184 2648178 

185 2671717 

186 2695129 

187 2718416 

188 2741578 

189 276461 8 

190 2787536 

191 2610334 

192 2833012 

193 2855573 

194 2878017 
I95I 2900346 



196 
197 
198 
199 




221 
222 
223 
224 
225 

226 

227 
228 

229 
230 

231 
232 

233 
234 
235 

236 

237 
238 
239 
240 

241 
242 

243 
244 
245 

246 

247 

248 

2988531] 249 

200|301030(^ 250 



2922561 
2944662 
2966652 



20113031961^ 

^0^ 305^5I£ 

203 3074960, 

204 309BSO2 ' 

205 311)7339 

3138672 
515^03 
3180633 
320^463 
3222193 

324^825 
^26^359 

328^796 
3304138 
3324385 

3344538 

336*597 
3384565 
3404441 
3424227 

344$923 

34S3530 

348304^^ 

3502480 

3521825 

f * 

3541084 

356$&59 
357^48 
359$355 
361T278 

363^20 

3654880 

S67iMffl>.. 

369il59 

3714679 

372^120 
374' 483 
376^ '770 

378: 1979 

380ill2 

382^70 
383il54 

387m9 ' 
.389W61 

390^51 
' 392^70 
394^17 
139611993 
3979400 

i 



m 



Num- 12 $ 4 



3650 



■' 7 

3660 
21 



5622929 

1 4118 
St 5308 
m 6497 
768fi 

8S74 

^630062 

1250 



2437 
3624 

48ti 

5997 
7183 

8869 
9555 

d5640740 

t 1925 

71 3109 

4293 

5477 

36701 6661 

7844 

9027 

5650209 

1392 

4 2573 



6 

7 



3755 
4936 



81 6117 
7^8 

9658 
5660838 

2017 
3196 

4375 
5553 
6731 

7909 
90»7 



1 



4 



i 



ae^s&m6^ 



1 

2 
3 

^4 



6 



1440 
261 7 

.4969 

6144 
75S0 
8495 
8 9669 
915680843 





db48 
4i237 

5*27 



6^16 G7»4> 



7^304 
8^93 

ojai 

li?68 



2056 ^BjS74 



374a 



4030 

6X1616235 
7i502 7421 
8|b8aa606 
967a 9792 



0^58 
2043 
3228 
4412 
5595 

6779 
7962 

9H5 

0328 

1510 

2692 
3873 
5054 
6235 
7416 

8te6 
9776 
0^56 
2135 
3314 

4493 
5671 
6S49 
8627 
9^04 



3167 
4356 
5546 



7923 

9tll 
0299 
1487 



^61 
5048 



0977 
2162 
3346 
4530 
5714 

6897 
8080 
9263 
0446 
1628 

2810 

3991 
5173 
6353 
7534 

8714 
9894 
1074 
2253 
3432 

4611 

5789 
6967 
8145 
9322 

0499 
1676 
2852 
40^ 
86145004 



3286 
4475 
5664 
,6853 
8042 

^230 
0418 
1606 
m93 
3980 

5i$7 
6^53 
7539 
8725 
9910 

1095 
2280 
3464 
4648 
5832 

7016 

8199 
9382 

0564 

1746 

2928 
4109 
5291 
6471 
7652 

8832 
0OI2 
1192 
2871 
3550 

4728 

5907 
7085 
8262 
9440 

0617 
1793 
2970 
4146 

53^2 

6497 
7555 7672 

87^9 8^^4,7 
9904 0O21 
10781 1196 



3405 
4594 
:578S 
6972 
8i6l 

•9349 

0537 
1725 

.4099 



»» L^ t t 



k 



»28i* 5404 



j6472 
17658 
t»a43 



J0O29 01471 

1214 1332 
2398 2517 
3583 3701 
4767 4885 
5951 6069 

7134 7252 



8317 
9500 
0682 
1864 

3046 
4228 
5409 
6590 
7770 

8950 
0130 
1310 

2489 
3668 



6025 
7203 
6380 
9557 

0734 

1911 
8087 
4^3 



3524 
471S 
5902 
74»l 
9^0 

946S 
065^ 
1843 
^3031 
42^1 a{ 



6590 

7776 
8962 



8435 
96I8 
0800 
1983 

3164 
4346 

5527 
67O8 
7888 

9068 

o248 
1428 

2607 
3786 



4846 4964 



6142 
7320 
84^8 
9675 

0852 
2029 
3205 
4a81| 



^39 5667 
6615 673^ 



!?7: 

ol 39 
J313 



fO 
»4 



1 2 



7907 

9082 
c256 
1430 



14 



Log. 562. N. s65. 



36^ 376 J 

48di2 
60 



7-;^- 




4»#1 
^140 

5705 '9^4 

0893 im^ 

2081 2266 
3^68:3387 



5528 
6709 

7895 
9O8I 

€^66 

1451 
2635 
3820 
5004 
6187 

7371 
8554 
9736 

0919 
2101 

3282 
4464 
5645 
6826 
8006 

9186 
o366 
1545 
2725 
3903 

5082 
6260 
7438 
86i6i 
9793 



3m 

6&fO 
6259 



445ii 

5641 
&828 
8013 

9199 
cS84 

1569 
2754 
3938 
5122 
6306 

7489 
8672 
9855 
1037 
2219 

3401 
4582 
5763 
6944 
8124 

9304 
o484 
1663 
2843 
4021 

5200 
6378 
7556 
8733 
9911 

1087 
2264 
3440 
4616 

6967 
fel4^ 

9317' 
0491 
1665 



4574 

5760 
6946 
8132 
9318 
e503 

1688 
2872 
4056 
5240 
6424 

7607 
8790 
9973 
1155 
2337 

3519 
4700 

5881 

7062 

8242 

9422 
06O2 
1781 
2960 
4139 

5318 
6496 
7674 
8851 
o028 

1205 
2382 
3558 
47:S4 
5909 

708-5 
8260 
9434 
06O8 
1782 




1806 
2991 
4175 
5359 
6542 

7726 
89O8 

0O91 
1278 
2455 

3637 
4818 

5999 
7180 
8360 

9540 
0720 

1899 
3078 
4257 

5435 
66li 
7791 
896i 

a46 

1325 

2^ 
3675 

405^ 



iiatia 



6 7 



7^ 
^77 
9552 
0726 
190 

9 



47 
94 

106 



'iff 



\i^ 



M' 



III 

m 



70 
82 
94 
9IOB 



APPENDIX II. 



ON TMS CONSTRUCTION AND USB OP TABLES OF GONIOMETRIC 

FUNCTIONS. 



1. If it be required to find the value of a trigonome* ' 
trical formula in which the sines, cosines, tangents, secants, &c. 
of given angles enter, much labour may evidently be avoided 
if the values of these quantities be determined, once for all, 
and roistered in tables* Were it necessary on every new 
occasion that occurred to calculate these quantities afresh, the 
value of the most simple expression could not be determined 
without much loss of time and risk of error. 

Now in very small angles the sines and tangents are ' 
exceedingly small fractions, and if these quantities be eir* 
pressed as decimal fractions, two or three cyphers will follow 
the decimal point before we come to the significant digits. 

Thus the sine of — ^ will be proved in the next Article 

to be •00025566..., which has three cyphers after the decimal 
point. In order to ayoid the inconvenience of printing these 
cyphers, the real values of all goniometrical quantities are 
multiplied by 10000, or the decimal point is moved four 
places to the right, before they are registered in the tables; 
and the tables so formed are called^ " Tables of natural 
sines, cosines, fee.*'"* 

* The tables of goniometric functions are sometimes said to be " calculated to a 
radius of 10000;" the meaning of this expression we will explain. 



T 



If with C as centre, and radius CA, an arc AB be described, 
and BN, AT be J- to CA, the lines NB, CN, AT, CT, AN 
respectively, are sometimes defined to be the sine, cosine, 
tangent, secant, and versed sine, of the angle ACB to the 
radius CA, — pr the sine, cosine, tangent, aeeant, and versed 
iine, of the are AB 

The expression " to the radius CA" is absolutely necessary to the definitions, 
1>ecause the lines NB, ilT... evidently depend on the magnitude of AC as well as 
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2. To find the values of the sines and cosines of every 
angle less than 90^. 

By Art. 39- (2), 2 (cos J)* = 1 + cos 2^, 
or Cos^ = \/^(l + cos 2^) ; 

J r\ 

.-. Cos — = V ^ (1 + cos^), 

9» 



cos 



— s= \/ ^ ( 1 + cos — j ; and so on. 



Now if ^ = S0<*, Cos 2 J = \. Art. 32. (2). And having 
performed the successive operations indicated above eleven 
times, we have 

Cos — , or Cos 52"-784375, « •99999996782 ; 
••. Sin-^ = V |l -(^^s-Tt) f = -000255663462. 

3. Now since -rr « - — ^r— • and the sines of small angles 

211 gii ' s 

are as the number of seconds, and therefore as the number 
of minutes, they contain^ Art. Il6. Cor.; 

upon the magnitude of the angle ACB \ — ^in fact, if the angle ACB contitiue of the 
same magnitude, they vary directly as CA, 

Now by the definition that we have used of the sine, sinilCB = 77^ = 77-r \ 

10000 
.% 10000 X sin ACh « Bl^ ••^^• 

But 10000 X sinilCB is the tabular sine of /ICB; 

10000 
.-. tab. sin ACB « ^^ .-^^ = J\rB, if CA =. 10000. 

Wherefore the tab. sine of AOB expresses the magnitude of the line JV^B, (the sine 
of ilCB to the radius Cil), the magnitude of CA being represented by 10000. 

Similarly the tab.cosine, tab.tangent,...of ilCB, ezpreas the magnitudes of the 
lines W, ilT«...the ttagailnde «f CA beiag 10000* 
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, , , $(fi , 30.(50' 
.'. sm 1 : 8jn -77 ;: 1 : 



•_ *^ 



.-. Sim 



2" ^• 


2" ' 


2" 


. 30^ 
^1 


30.60 


2« 


. 30^ 

am— rr 

2" 


15.15 


256 

X " 

225 


•000255663462 



« 000290888204. 
And from sinl' we may thus determine sin30'^; 
SinSO"=sin^'=^{v^(l + sin l') - ^^(1 -sinl')}, Art. 41. 

4. Sin l' and Sin 30" being knmun, the sines of l', 2', s'... 
to 6o' {or 1°) may be determined. 

For Sin(^ + jB) + sin (J - 5) = 2 sin-4 . cosB 

= 2 sin J . 1 1 - 2 ( sin —J > 

= sin^ + sin^-sinu^.(2sin~|9 

(B\ * 
2 sin — |. 

If in this formula JBn=i', and we write l', 2', s' 

successively for A^ we have 

Sin 2' = sin l' + (sin l' - sin o') - sin l'. (2 sin 30")S 

sin 3' = sin 2' + (sin 2' - sin l') - sin 2' . (2 sin 30")*, 

sin 4' = sin 3' + (sin 3' - sin 2') - sin 3'. (2 sin 30")*, &c. 

This method is not very labcMious :«-4n the last ex«m{iie» 
sin 3' and sin 3' — sin 2^ are known from the two preceding 
lines ; and the only labour is in multiplying sin 8' by the factor 
(2 sin 30'')^ which is common to all the terms.. 



f ' \ 
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Cor. If in . the above formula B ^l^ and we write 

1% 2% 3^ successively for A^ we can determine the sines 

of 2% S«, 4® 

5. The sines of singles up io 6cP having been calculated^ 
those of angles between 6(fi and 90° may be thus determined. 

Sin (60° + -4) - sin (60* -^A}^2 cos 6o\ sin A. 

And cos60°«j^; 

.% Sin (60° 4- ^) = an J + ^in (60° - A). 

And if A increase bjy l' at a time from 0° to 80°, this for- 
mula will , by ..addition merely give the sines of angles from 
60^ to 90^. 

.6. The sines of angles up to QCfi having been determined^ 
their cosines nre also known. 

For Cos A = sin (90^ - A). 
Thus Cos 25° - sin (90° - 250) « sin 65^ 
Cos 72°= sin (90° - 72°) « sin 18°. 

* .7- ^^^ tangents y cotangents^ secants, and cosecants can 
he detemtiined from the sines and cosines. 

„ ^ ^ sin J( ^ ^ cos ^ 

For Tan^= , Cot^ = -: — -, 

cosil sm.^ 

Sec A «= , Cosec A - . -, . 

cos^ sin^ 

8. Since, Sin A = cos {^"^ -A), 

Tan ^ = cot (90°---^), 

Sec A = cosec (90° - A)^ 

Ae^mae^ tangents, and secants of angles from 45° to ^O'' are 
^kuMacr respectively as the cosines, cotangents, and cosehants 
vf .iBDj^s from 45° to 0°. Wherefore it is unnecessarj^ to carry 
the tables further than to the angle 45^ 

Y 



170 

Thus Cos 72S 20' « sin (90 - 72% 20') « sin 17% 40', 

Sin 72% 20' = «osl7^,40', 

' Tan 72% 20' = cotl7%40', 

S6c 72% Sty = cosec 17*, 40'. 

At the bottom of the page containing the functions of 
angles from 17° to 18^ is placed the angle 72% and the column 
which at the top of the page is marked to indicate the sines 
of angles from 17° to 18°, is marked at the bottom to shew 
the cosines of angles from 72° to 73°; and so for the other 
functions. See page 173. „ . . 

9. On FormuliB of Verification. 

Since the trigonometrical functions of angles are deter- 
mined successively from one another, c»e error will affect 
every successive result. As checks against the possibility 
of errors, several formulas (of verification as they are called) 
are used to examine the accuracy of the results, and the values 
registered in the tables are presumed to be correct if they 
satisfy these formulae. 

The following are the principal formulae of verification. 

(1). Sini< = ^{\/l+8in2^-V'l-sin2^}. Art. 41. 

(2). CosA^^{y/l +8in2-4 + v/l - sin2il}. 
A being an angle less than 45°. 



Again, Cos3ffl=:^ "*'S Co8 72°« "^ ; Art. 58. (3). (l). 

4 4 

.-. Sin (se°+il)-8in(3e°- J)a2co8S6®.8in j<«^^-— ^ . sin J^ ] 

! ^ 

and Sin(7«°+w<)-flin(72°---4)«2co872%sin^=:^^— l.sin^; 

2 ' i 

Art. 51. (2). 



I7t 

by 8ul>traction we have. 
Sin (S6f+J)+ sin (72"- A) - sin (36* - J) - sin (72"+ ^) - sin J ; 
(3). .-. Sin^+8in(Sff>-^)H-8in(72^+^)=sin(s6®+^)+sin(72''-^), 
which is JEuler'a formula. 



Agtin, Sin 54.°= '^^"''S Sin 18'- "^^"^ Art. 58. (s). (2). 

and 2 sin 54^ . cos J ^ gin (54^ + ^) + sin (54^ - ^) 1 

2 sin 18®. cos -^ « sin (18® + -i) + sin (18° - J) J 

Art. 51. (1). 

(4). .-. Cos Ay or Sin (90®- J), 

« sin (54^+ A) + sin (54* - J) - sin (18^+ -4) - sin (18« - -<<), 

which is Legendre*s formula. 

This formula might have been deduced from Euler's by 
writing 90^ --4 for A. 



Ex. To exemplify the use of these formulae, we have 
from (4) by making A:=l39y 

Cos 13<> = sin 67® + sin 41® - sin 31^ - sin 5\ 

Now the tables give for the quantities in the second member of 
the equation 

9205-049 + 6560*590 - 5150-381 - 871*557, 

which =9743-701, 

die quantity given by the tables as the cosine of 13®. 

Since, therefore, these quantities satisfy the relation which 
we know ought to exist between the sines of 67®» 41®, 31®, 5^, 
and the cosine of 13®, we conclude that the values of these 
natural gonioinetric functions are correctly given by the 
tables. 



172 

10* The values of the goniometric fupctions having been 
thus calculated, multiplied by 10000, verified, and registered in 
tables, are called '^ Tables of natural sines, cosines, tangents, 
cotangents, secants, and cosecants.^ To find the real gonio- 
metric functions from these tables, we have merely to divide 
the tabular numbers by 10000; that is, to remove the decimal 
point four places to the left. 

11. We shall now pass to the logarithmic sines, cosines, 
tangents, &c. of angles, by which, rather than by the natural 
goniometric functions, mathematical calculations are most fre- 
quently made. 



A page from Sherwin^ Logarithmic Tables, corrected in 
some places, is here subjoined, the natural cosines, tangents, 
secants, and cosecants being omitted. The column following 
the N. sines, which is marked N.D. l'\ will be explained in 
the next Appendix. 
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72 Degrees. 



APPENDIX III. 

ON THB LOGARITHMIC TABLES OF OONIOMBTRXO FUNCTIONS. 



1. When the trigonometric functions of angles sie de- 
terminedi their logarithms may be Ibuiui ftoxA the tables of 
the logarithms of numbers. There are however methods by 
which the logarithms of the goniometric fiinctions can be found 
independently. ( 

2. To find 1,0 sin 0» sind not being giveii. 

Making = — . - , and taking the logarithms of both 
fiides of this equation, we have 



. 1 10 sin 



* 

1 / »>* «!* j^ IB* \ 

~ i;io • IsT^" "*" » * 8^^* + * • 8^«• "^ •'• j 



- &c. 



( 



' ' V " 4w) ' ^ *' ( ^ "6^^) ' *^^' ^^^^^ expanded by (ii.), p. 151 .) 



^5. 



Now lio(- . '^ I « lioW -f IwTT - \iQn - lioSj 

\w 2/ 



and lio \, *^ = lio{(2» + m) . (2n - m)} - lio2'n 



8 



S ^U 



Sr,n 



= lio(2w + m) + lio(2n -wi) -2 . {l,o2 + !»«} ; 



-•r]=lw««^-W2^+^)^l*o(2«-«)+lio'n'-S-{li<^+li6^J 



.■* ♦ 



1 



i.io 



/I 11 \ Wl*^ 

n 1 1 \ w« 

' + &c. 



By giving m and n different values, the logarithmic sines of 
all angles may be found by this formula. 

3. In like manner from the series 



2«.e« 



2^0«> 



Cos e - (l --.-) . (l - ^) . (l - ^) ... Art. UI. p. m. 



we get the formula 



1 



10 



cos 



1,10 



f - . ^] = \io(n + m) ^^ lio(n - w) - 2lioW 
. /I 11 \ w^^ 

, /I 1 1 \ HI* 

. /I I 1 \ HI* 

+ &c. 
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4. The logarithms of the sines and cosines having been 
thus determined, those of 

^^sin^^^ 1 ^ ^ cos 9 ^ ^ ^ 

Tan0 = ;r, Sec0 = -, Cote = -T— r, Cosec© 



cosd' cosd' sind^ sintf' 

may be severally found. 

5. Since all sines and cosines are, generally, less than 1, 
their logarithms to base 10 are negative. In order to avoid 

' the inconvenience of printing negative characteristics, the 
logarithms to base of 10 of all goniometrical quantities have 
been increased by 10, and the resulting numbers being re- 
gistered are called ^* Tables of logarithmic sines, cosines, SzcJ*^ 

Hence if any one of these tabular logarithmic quantities 
be given, by subtracting 10 from it we get the real logarithm 
of the goniometric quantity. 

These tabular logarithmic quantities we shall indicate by 
the letter L; thus the tabular logarithmic sine of A^ or 
lO + liosin-4, will be written L sin A. 

6. The common Logarithmic Tables of goniometric 
functions are calculated for angles which differ from one 
another by one minute. If, besides degrees and minutes, 
the angle contain some seconds, its tabular logarithmic 
function may, with certain exceptions, be found on the 
principle proved in the next Article. 

7. The increments of tabular logarithmic functions of 
€mgles vary^ except in certain cases ^ as the increment of the 
angle. 

Let the angle A receive the increments SA'\ and 60", 
successively. 

^. , i « w/v . J i sin (^ + SA'') -sin A] 

Then Sin(A + SA'') ^smA.l 1+ — ^ r—/ > 

^ [ sin A } 

cos A . sin 5-4" 



. • f cos J . sin d-4 1 
{ sm A j 



unless J = 90^ nearly ; Art. 60. Cor. 



177 

.-. liosin (J + SA") = liosin J + l,of 1 +eotA, «in iJ") ; 

.-. {lO+l,o8in(J+3 J")} - {lO+liosin i<} =lio(l+cot J . sin iA") ; 

.'. L 8m(A + SJ")-LanJ 
- |i- . {cot J . aid S ^" - i (cot i*)" . (sin W')' + ...] App. i. (ii.) 

1 



Uo 



.cotA.^it\iA'\ 



neglecting the higher powers of cot ^. sin 5^", which may be 
done unless A = 2n.9(fi nearly. 

And writing 60" for 5-/<" in this equation, it becomes 
L sin (A + 60") - Z, sin J = ^ . cot A . sin 60" ; 

L 8in(J + SA'') ■ LBJnA sing^^^ SA 
•'• Lsin(^ + 60")-L8inJ " IhTe^^ ~ 60 ' ^"^^ ^^^' ^°''' 

And in a manner exactly similar it may be shewn that 
for the Cosine, Tangent, &c., of an angle, the increment of 
the tabular logarithm varies as the increment of the angle, 
except in those cases mentioned in the Corollaries to Arts. 
60, 61, 62, 63. 

8. To explain the meaning and use of the columns of 
differences for one second (Diff* l"), which are pldced ufter 
the columns of logarithmic functions. 

If 5-4" become l", the equation of Art. 7« becomes, 
L sin {A + 1") ^LsmAr^{L (sin^ + 60") - L sin J} . -, 

which is the diffefrence of L sin A corresponding to one 
second. 

Now, if this quantity be computed and registered, when iA 
is given, HAnA -{^^A^') ^ LAnA may be determined by 
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merely multiplying this registered difference by SA^ — ^and 
when L sin (A + SA") is given, SA may be found by dividing 
£ sin (J + S-4") — LsinA by this difference. For 

sa 

Lsin (A + W) - isin^ = {Lsin (A + 6o") - Lsin-^} . — 

00 

Zsin(^ + 60")-isin^ . 

— 66 •^^' 

^ . , Lsm(A + W)^L^mA 

and i J = ^^ . 

^.{Lsin(^ + 60")-Lsin^} 

Thus, L sin 17% l' = 9*4663483 
Z sin 17^ = 9-4659353 



.-. Lsinl7^l'«Z,sinl7^= 0004130 

^_ 4130 ^ , . , . \ . ^ .1 

Now — — = 68*833, which is the quantity put down in the 

Tables as the difference for one second to the sines of angles 
between 17^ and 17^, l'. 

The significant part of the difference is considered as a 
whole number, or the real difference is multiplied by 10^, to 
avoid the necessity of printing the three or four cyphers which 
nearly in every case precede the significant part of the dif- 
f»ence*. 

9. Ex. 1. To find L sin 17% 14', 12". 

L sin 17% 14', =9-4716785 
Now Diff. for l" = 67850 
.-. Diff. for 12" « 814-200= 814-2 



.-. L sin 17^, 14', 12" = 9*4717599. 

* The column of differences for the natural sines &c. of angles are computed 
after a manner similar to this, and the differences themselves are all multiplied 
by 1000, for the sake of leaving out the cyphers immediately following the 
decimal point. 
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Ex. 2. 7f L sin A s 9*46855379 required A. 
L sin ^ = 9*4685537 
L sin 17°, 6' = 9-4684069 



Diff. = 1468 

1468 
68*400 
.-. A = 17^ 6^, 2l"-46. 



Now Diff. for l" is in this case 68-400, and t^^^^^ « 21-46; 



Ex. 3. j[f L COS A as 9-9784328, required A. 

In this case, because the increase of the angle is attended 
by the decrease of the L cosine. Art. 6l, Cor. 2, we subtract 
the given L cosine from that in the tables which is next 
greater than it. t 

Now L cos 17^ 54' = 99784519 
i cos J = 9*9784328 

Diff. = 191 

Now Diff. for l" in this case is 6*800, 

, 191 

and = 28-088 = 28-09 nearly ; 

6-800 ^ 

.-. A = 17S 54', 28"-09. 
Ex. 4. Required the L^ cosine of 72®, 5', 8". 
By the Tables, p. 173. 

L cos 72^ 5', = 9*4880335 , and Diff. for l" = 65-15 ; 
.-.Diff. for 8"= 521-2 

.-. L cos 72^ 5', 8" = 9*4879814. 

The difference for the seconds being in this case mbtrcLcted 
from L cos 72°, 5'. Art. 60. 

Note. It may here be observed, that the difference for 
additional seconds must be added for L sines, L tangents, and 
Ij secants, Arts. 60, 62, 6s ; and svhtracted for L cosines. 
Art. 60, L cotangents and L cosecants. 
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10. To Mhew thai the same cohimns of ^^ Diffbrences for 
l"^ serve for L sin A and Lcosec A, for L cos A and L sec A9 
and for L tan A and L cot A. 

For Sin ^ = 



cosec A ' 
,-. Ij^, sin J 30 Ijj, cosec J, 

,'. £ sin J = 10 H- IjQ sin ^ « 20 - (lO+lj^cosec A) =s20-L cosec -4, 

Similarly, JL siu ( J -f l") = 20 - Z cosec {J + l") 
,\ i* sin (J + 1") - JjfinA =- {L cosec (J + l") - L cosec Jf| . 

Hence a column of " dijBf^rences for l" '^ is printed between 
the columns of logarithmic sines and cosecants ; serving to the 
former as a column of increments for l", and to the latter as a 
column of decrements for l". 

In like manner it may be shewn that 
L cos {A -H 1") — L cos A=:—{LBec{A + l") - Z» sec -4 } 
i tan (4 + 1") - i tan ^ = - {L cot (A -h l") - X cot i }. 

Wherefore the columns of cosines and secants have the 
same differences for 1^^ as also have the tangents and co- 
tangents : and it is to be observed that these differences serve 
respectively as increments to the secants, (Art. 62.), and to the 
tangents (Art, 63.), and as decrements to the cosines (Art. 61.), 
and to the cotangents. 

11. Before the increment of a tabular logarithmic func^^ 
tion of an angle can be determined from the small given 
increment of the angle, or conversely, the two following con- 
ditioBS must be fulfiUed. 

I. The logarithmic increment of the function must, in 
that particular case, vary as the increment of the angle. 

II. The increment of the logarithmic function must nol 
be an exceedingly small quantity. 
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Thus, if it were required to determine L sin 89®, iO\ s", 
from Tables in which L sines were registered for all angles 
from (fi to 90° which differed from one another by l', we 
should find 

L sin 89% 41' = 9'99999S4i 
L sin SgP^ 40' « 9-9999927 



.•. DiflFerence for 6o"= 7 

Wherefore, if eVen the second of these conditions held for 
the L sines of angles about 89^, 40' in magnitude, (which it 

does not, Art. 60. Note), yet a difference of 1 in the L sine 

fio" 
would produce a difference of only — , or 9" nearly, in the 

7 

angle ; — and therefore any increment less than 8" of 89^, 40^, 
would produce no change in the first seven figures following 
the decimal point of L sin 89<^, 40'. 

Note. What has here been said with respect to the 
logarithmic, is equally true of the natural goniometric func- 
tions. 

12. It has been observed, App. iii. 5, that the real 
logarithm of a goniometrical quantity is obtained by subtract- 
ing 10 from the tabular logarithm ; we shall now proceed 

To establish a general rule for supplying the tens 
when the tabular logarithms of goniometrical functions are 
used. 

Let (Cos Ay as a . (sin 5)* . tan Cy be any trigonometrical 
formula adapted to logarithmic computation, App. i. 25 ; £ and 
C being given angles, and A being required. 

Then ti . Ij^ cos -4 = lio a + m . 1 ,<, sin 5 + p . 1,^ tan C ; 

.-. ». (IO + IjqCOS il) -» . 10 = Ij^a+w . (10 + IjoSin S) -m . 10 

+ p . (10 + lio tan C) - p . 10 ; 
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.-. n.LcosA^liQa'^m . LsmB+p-LteLaC-^l «-(iii+p) } . 10. 

And here n, m, p may be whole or fractional. 

Whence the rule, Add to the second member of the 
equation as many tens as the number of times the tabular 
logarithms of the goniometrical functions have been taken in 
the first m^ember ewceeds the number of times they have been 
taken in the second member of the equation, 

Ex. 1 . (Tan Af = cos 5 . (cos (Tf ; 
.-. 5 . Zr tan J = i cos S + 2 . L cos C +{ 5 - (1 + 2) }. 10 

= Zr cos S + 2 . L cos C + 20. 

Ex. 2. (Tan Af . (sin Bf^^. (sec C)S 

b 

2.Ltan^ + 6.Lsin-B«lioa~lio^-l-4.Z,secC+ {(2 + 6) -4}. 10 

« lio« - lio ^ + * • -^ sec C + 40. 

Ex.3. (Tan^f = ili^; 



(cos C) 



3 



^ T . A ^ ^ T ' ^ ^ T ^f^/5 2\) 
', -. Ltan-4 = l,n2+-.Lsin J? — .ZrC0sC + <--l > 10 

3 12 V2 ^) \ 



2 "^^2 



lin 2 + - . L sin jB — . L cos C - 4 . 10. 

*® 2 3 5 



Had both sides of this equation been raised to the sixth 
power, the fractional indices would have disappeared, and the 
value of tan A would practically have been determined much 
more easily. 
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13. Ex. Required the value of A from the equation 

rr. ^x« 36-61468 . ^ , „ 

(Cos AY^ . sin 17®, 9 , 4". 

^ ^ 11-9 

2 . L C08-4 = lioS6'6l468 - lioll-9 + i sin 17®, 9', 4"+ 10 ; 

.-. LcosJ + ^lioS6-6l468 - lioll-9 + L sin 17®, 9', 4" + 10) 

lioS6-6l4 = 1*5656472 
Part for 6 = 71 

Part for 8 = 10 



.-. l,oS6-6l468 = V563655S 
ljoll.9 :*= 10755470 



*488108d 

L sin 17®, 9' = 9-4696369 

Part (4x68*200) for 4"= 273 

Add 10- 



2) 19-9577725 



9.9788862 



The next higher L cosine in the Tables is that of 17®, 45', 
which is 

9-9788985 

Subtract 9-9788862 



Diff. -= 121 

121 
6^3 
.-. A^ 17®, 43', 17"-97. 



Now 2>i^. far l" in this case is 6*755, and ^7— -= 17-97; 
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14. We ihall, lastly, explain the methods used to 
determine small angles from their logarithmic functions, and 
conversely. 

When an angle receives a small increment, the Differential 
Calculus enables us to determine without difficulty the con- 
sequent increase of the goniometric function. 

Required the increase of L sin Q arising from 9 receimng 
a small increment S6* 

By Taylor^s Theobsm, 

L^n(9'^Se)--Lsme + deLfAne.S0 + dlLsm0.^^ + ... 

Now Z sin = 10 + lio sin ; 

^ r . ^ 1 COS0 1 

/. On L sm B se T — . —, — X = T . cot^, 

® 1^10 sm0 i;^ 

dl Z sin = — 1 . (cosec flV ; 

^ 1^10 ^ 

.-. Lsin(0 + S0)-isin0 

^ cot . 5e - , . (cosece)^ 5l-jL + 

1710 1^10 ^ ^1.2 



15. Now we know that if be very small, cosed 9 is 

Very large, and therefore unless Sd be exceedingly small also, 

1 (SdV 

the second difference, - 1 — . (cosec 0)* . , is of such ma£r. 

1^10 ^ ^1.2 ^ 

nitude that it cannot be neglected in comparison with the 

first difference, , — .cot 0.50. In this case therefore, since 

1.10 

the increment of Z sin does not vary as h9 the simple power 
of the increment of 0, the quantity to be added to £ sin for a 
small increment of cannot be obtained by a simple proportion. 
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but will have to be determined approximately by the tedious 
process of computing the first two terms of the series which 
gives the value of the increment of L sin 0. 

There are three methods of escaping this inconvenience. 

16. The first is, to construct tables for the first few de- 
grees to intervals of a second, instead of to intervals of a 
minute, as the tables in ordinary use are constructed. By 
this means ^Q must be less than one second, and Lsin (0 + ^0) 
may be roughly computed to decimal parts of a second by 
neglecting the second term of series of Art. 14, — in which 
case, 

L sin (9 + Se)-L sin 9 = -, — .cot 9,S9; 

^ 1,10 

Therefore, for any particular value of 0, 

AL sin^oc^a 

17. Second method. By the following formulae which 
are given by Maskelyne in his Introduction to Taylor'*s Loga- 
rithms, we can, with the aid of tables of L sines and L cosines 
calculated to every second for a few degrees, determine a small 
angle very accurately to decimal parts of a second from its 
L sine, and conversely. 

Sm9 = 9 h ... =0 nearly. 

2.3 2.3 -^ 

Cos0=l + ... =1 nearly. 

1.2 2 -^ 

sing 9^ I 9\^ ^ X 

Let 9 be an angle containing n!\ 

Q 

then n = -; — - , or = w . sin l"; 
sm 1 



. . Sin = n sin l". (cos 0) , 



A A 
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Writing w" for 0, and taking the logarithms, 
L sin w" = lioW + L sin l" -i- ^ L cos »" - -^ . 10 ; 



L sin n" = IiqW + L sin l" - i . (10 - Lcos w") 



lioW = L sin 7i" 4- 4 (10 - L cos w") - £ sin l", 



...(i.). 
.-.(ii.) 



Def. The quantity 10 - Lcosw" is called the arithmetic 
complement of L cos w". 

18. It is to be remarked, that in using these formulae to 
determine L sin w" when n is given, or conversely, we may on 
the second member of the equations take from the tables an 
approwimate,\^\ie of Lcosw" without .affecting the result, — 
because the variation of Zcosn" is exceedingly small when n 
is small, as may easily be shewn*. The whole matter will 
be rendered more clear by an example. 



Ex. If L sin n"= 7*3217783, required n. 
Now Taylor's tables give. 



•_ m.f ^^ff 



Lsm7, 12 



/ ^ ntt 



Z sin 7, 13 



7-3210583 



7-3220624 



/ -. ^/' 



L cos 7 , 12 



' * rt'/ 



L cos 7,13 



^-mm^^ 



^'m%^^ 



Therefore the angle is 7', 12" nearly; and 7'j 12" is the 
approximate value of the angle we must take in the second 
member of (ii) in Art. 17. 



*Cose = l-r~ + 



1.2 ' 1.2.3.4 



= 1-— nearly; 



1 (6* /e«\* ) 

.-. lioCosB, or L cos 0-10, = " i~io ' 1 2"^ ^ \ 2") "*" *" 5 ' 

1 68 

.-. rfe(Lcos0-lO) = - j~j^. (0 + — + ...), 

a very small quantity, if be an angle of a few seconds only. 
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Now by (ii.)^ 

Z, sin n''= 7-3217783 

i(10-Lcos7M2")l .^^^^3 

^ J 



or ^ X -OOOOOIO, 



7*3217786 
Lsinl"« 4-6855749 



... \^^n = 2-6362037 = l,o432-723 ; 
.-. n = 432-723, or the angle required is 7', 12"-72S. 

19. In like manner a formula may be established for 
finding Ltann" from n, and conversely. 



^ sm0 2.3 . 

Tan = — -z = ST nearly ; 

COS0 0- 

1 

2 

tand 2 



2 2 



tann' , '/\-4. 
,-—7=: (cosw ) «; 

n . Sin 1 



:£ = lIIL=(i-?)-*=(cosa)-t; 



2 2 

.-. Ltan«" = 1,.« + L sin i"- -. Lcos«"+ -. 10; 



.-. Ltann" = l,„« + Lsinl"+?.(10-Lcos»") (iii.) 

And l,o« = L tan n" - L sin l" - ^ . (lO - L cos «") (iv.) 
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20. Delambre's Tables. The third method is to con- 

struct tables up to a degree, which give lio— ^j (or tables 

/\ 

which give Ijo — ^ + L sin l"), for angles differing by one 



second. Such tables are, we believe, printed in no collection 
except those of Callet; they may, however, be easily con- 
structed for use in the following manner: 



Let 6 be an angle of n seconds; .-. 9 = w.sinl". 

n • ft 

sm a I sin n 

7T ^ lio '- -* 

\3 71 . sm 1 



Then Im -—^t- = lio ,_ ^„ = l,o sm n - lio^ - lio sm 1 



= L sin n" — linW — L sin l" ; 



Ism " , -r • // T • //I 

10—7^ — hX-sml =i^sm« - JioW. 



sind 
Similarly, if Q be an angle of n minutes, we have 



21. To determine the sine of a given small angle^ or 
conversely^ from, Delamhre's Tables. 

Smce Sm ^ = . = — — . w . sm 1 ; 

u 

.-. L sin fl = (lio —^ + i sin l") + IiqW ; 

.-. Lsin»"= (lio— 7- + i sin 1") + lion (i.) 

u 

And lio« = Lsiun" — (lio—^ — *" ^^in l") (ii.) 

u 

The most convenient tables are evidently those which 

give (lio~^- -f isin 1") for every second. 
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22. Ex. 1. To determine L sin n" hy Delambre''8 Tables. 

Since, as shewn below*, \\Q—p. — l-Z»sinl" increases very 

u 
/\ 

slowly, we may take for lio— 5 — H L sin l", the quantity given 

u 

in the tables for the angle containing that number of seconds 

which is the nearest integer to the given number (n), and 

by adding lio^ to this quantity we obtain isinw". 

Thus; /f n = 546*25, required L sin 546"-25. 

By Taylor's Tables. L sin 546", or L sin 9', 6", is 7-4227670 ; 
and lio546 = 27371926. 

Therefore, when 9 is an angle of 546", 



10 — r— + L sm 1 = L sm n - lion Art. 20. 



sind 

= 7-4227670 - 2-7371926 
= 4-6855744, 

the quantity corresponding to the angle 546" which would 

be given in the tables of Ijq — ^ — h L sin l". 

u 

.-. By (i.) Art. 21, 

L sin 546"-25 = 4-6855744 + lio546-25 

= 4-6855744 + 2-7373914 
= 7*4229658. 



For -y-=l-y-2:3+Y;^;^-5-3-...=l-g nearly; 



sinO 
.*. lio 



1 (02 . /0«\2 ) ,, sine 1 /0 20« \ 




ft very small quantity, if be an angle of a few minutes only. 
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Ex. 2. To determine n where L sin n is given. 

By referring to the tables of L sines in common use we 

see what integral number of seconds is contained ip the angle 

whose L sine is next below the proposed quantity: let this 

number be m. Then substituting in (ii.) Art. 21, the quan- 

• /\ 

tity given for lio— 77— + L sin l" corresponding to the angle fn\ 

u 

we obtain a near approximation to the value of n. 

Thus, If L sin n" = 7'42306l2, required n. 

Referring to Taylor's Tables, we find 

L sin 546" = 7-4227670, 

L sin 547" =7-4235617; 
.-. the value of m in this case is 546. 

Now, as we have seen in the last example, the value of 

1^0^^ + L sin 1'' for an angle 546" is 4-6855744. 
u 

Therefore by (ii.). Art. 19, 

Ij^n = 7*4230612 - 4-6855744 
= 2-7374868 = lio546-37; 
.*. 546"-37 is the angle sought. 



EXAMPLES. 



1. Prove that 45", 15', 20" = 50^ 2S\ 39'\ 5&'' ;U\ 15', 8?" 

180® 
= 11^ 40\ 3'\ 9'''; 18°, 12' =20^, 20'; — 7= « 115«^, 47*; 

l'\ 2'^ 3''''^ 19'", 50"''-0779. 

2. The Complements of 17^ 86', 4S" ; 29°, 27', 6"'3^ ; and 
216°, 45'; are 72% 23', 17"; 60°, 32', 53"-68 ; and - 126°, 45'. 

3. The Supplements of 37°, 4', 3"; 115°, 13', 24"-66; and 
226°, 14', 17"; are 142°, 55\ 57"; 64°, 46', 35"-34; and 
- (46°, 14', 17"). 

4. If Cot ^ = - , find the values of sin A, cos A, cosec -4, 

2 

versin A 9 and sec A. 

5. Prove the formulae, 

(1). (Sec A . cosec Ay = (sec Ay + (cosec Ay, 

(2) . (cot ^ . cos Ay = (cot Ay - (cos ^)^ 

XX r^ J cot A . __ . ^ sec-4-1 

(3). Cos ^ =-— r J — - . (4). Versin A = — . 

^^ V^{H-(cotJ)^} ^^ sec A 

(5). Sin ^ . cos J = . 

tan A + cot A 

6. (1). If (tan Jff + 4 (sin ^)« = 6 ; ^ = 60^ 

(2). If m = tan J + sin J, andn = tan^~sin Jf; Cos^= 

n 



(S). If m . sin J = n . cos A ; Sin A=^ 



y/m^-^n^ 



sinj\^ , , ^. _ tanjf 



(sm A\ 
-^—7=A +(cos^.cosO^ SinC = 
sm Bj 

T A ^ cos A - ^ ft cos B 

(5). If Cos «? = -:—-- , and Cos (90° - a?) = ^ ; 

sm C sm C 

(cos Ay + (cos 5)2 + (cos cy=\. 



tBXiB 



(1) 

(3) 
(5) 
(7) 
(9) 
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7- ProVe the following formulae: 
Tan J+cot;/<=2cosec2^. (8). CotJ-ta.aJ=2cot%J. 

Tan^ = -^^!^M_. (4). I^sinJ (14-tanl^)^ 

1+COS2J ^^ l-sinJ( (l-tan^^)^' 

Cosec2j+cot2 J(=cot^. (6). 2.Cosec2j=sec^ .cosec^. 

Sin J( Versin ^ 

=cot^A. (8). — = (tan 4 J)^ 

1-cos^ -^ versin (180^ ~j<) ^ ^ ^' 

Cot 2-4 . cosec 2:^* = cot ^ . (cosec Jf -tan A. (sec Jf. 



(10). Versin (180«- J) = 2 vers ^ (180' + ^) . vers! (180° - A). 

i'. ,x o J cot-4+tan^ , , 2sin^— sinSy^ 

(11). Sec2^ = — — — -.. (12). (Tanl^)^^^"^ sm2A 

cotJ-tanJ V ^ V ^7 2sin^+sin2^ 

8. Prove that, generally^ 
(1). Cos2^ + cos2^ = 2 . cos (^ + jB) . cos (A - jB). 
(2). 2 . { (sin A . sin Bf + (cos ^ . cos S)^} = i + cos 2^ . cos 2 ^. 
(3). (Cos iT^)^-(sin Ay = cos JS . cos (2^ + 5). 

= 0. 



(4) Sin (^ - B) sin (g - C) sin.(C~^) 
sin ^ . sin 5 sin 5 . sin C sin C sin ^ 



(5). Cos (^ H- ^) . sin (A - 5) +COS (B + C) sin (S - C) 

+ cos (C+X)) . sin (C-Z>)+cos (D+A) . sin (D- J[)=0. 
9. Prove that 
y ^ 1 + sin ^ 

(2). Sec (45°+ ,1) . sec (45"- A) = 2 sec 2 A. 
(3). 2 sec J = tan (45" + ^ ^) + cot (45" + ^ J). 

(4). Tan(30»+J).tan(30»-^) = ?i^MllL. 

2cos2J + l 

(5). Sin (60° +A)- sin (6o° - ^) = sin 2^. 
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10. Find the numerical values of Sin 15^, Sin 9^ Cos lt^ 
Versinl5^ Tan 22^12', Sin 150^ CoslS5°, SinS^ Sin75^ 
Sec 225®; and prove that 

(1) . Tan 50® + cot 50® « 2 sec 1 0^ 

^ ,_ - . , 

(2). 2 cos — = \/2 + ^/{^ + &c + \/(2 + 2 cos J)} ; 

where n is an integer, and the symbol v is repeated n times, 
— each time .affecting all the quantities which follow it. 

11. Determine A in the following equations: 
(l). Sin-4 = sin2j. (2). Tan2j « Stan-z<. 
(3). Tan A = cosec 2 A. (4). Cos A ^ tan A. 

(5). (Tan 2 J)2 = 3 tan 2 A. (6). Tan ^ + 3 cot J = 4. 

(7). Tan^.tan2^+cot J=2. (8). 2 (sin 3^)*+ (sin 6 J)* =2, 

(9). Tan A + cot 2^ := sin J . (l + tan J . tan ^ J). 

(lO.) Cos nA + cos (n -2) A^ cos A. 

12. Determine «v in the following equations : 
(l). Sin (a — ^) « cos (a + w). 

(2). Sin (a? + a) + cos (a? + o) = sin (« — «) + cos (a? - a). 
(S). Sin a + sin (a? - a) + sin (2 j» + a) = sin (a? + a) + sin (2«5P - a). 



(4). Tan a. tan ,»= (tan a + a?)' -(tan a -J?)*; — to find cos a?. 

(5). m . versin a? = n . versin (a - a?). 

fn.tan(a-^p) ntanof rm • ^. n-m 

(6). — ; — \^ ^ ^ . [Tan (a- 2a?) = .tana.] 

(cos a?)* (cosct-a?) ^ n + m ^ 

^v.^^ V ^ vl""2 COS 2 a ,. ft - 

(7). Tan (a + a?), tan (a- a?) = — . [a? = S0°,1 

^ ^ V / V / ^ +2cos2a ^ 

BB 
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(8). n . (sec a?)"-, tan (a - a?) = «» . (sec a-wf . tan x. 



rrn « m sin 2a -, 
[Tan 2a? = .1 

f» + n cos2a "^ 



//%\ c* • • y/i V f-r^t sin a. sin p t 
(9). Sin 0? = sm o . sin (j3 + ai). fTan a? = : '—-' .1 

■- 1 - sma.cosp 

(10). Tan 07 = cos a . tan j3. Shew that 



1 + (tan ^ a)*. COS 2/3' 



, . t» sina cos(j3+07) 

(11). - = -7—3. y^^ Find Tana?. 

n sin/5 cos(a-a?) 

(12). If 2sin(a?-y) = 1, and sin (a? - y) = cos (cr + y) ; 

then X = 45®, and y = 15®. 

13. If ^ + J? + C = 90"; 

(1). Tan -i . tan jB + tan ^ . tan C + tan 5 . tan C = 1. 

(2). Cot-i + cot S + cot C = cot il . cot 5 . cot C. 

(8). Tan.4+tan5+tanC=tanJ.tanfi.UnC+8ec^.secfi.8ecC. 

14. If ^ + fi + C = 180»; 

(1). 4sin^.8inS.sinC = 8in2j + sin25 + 8in2C. 

(2). (Sin^^)«+(sm^5)»+(siniC)*+2sin j^J.sini^.sin^ C«l. 

16. Prove that, 
0). Tan->^ + tan-'^ = 45«. (2). Tan-'f +2tan-»i = 45*. 

(8). Cot-'f + cot-»f=135». (4). Sin''-i-+cot-'3=46». 

•y/5 
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(5). If = tan-'— p:, and = tan"^ 



then Sin (<f> + 0) = sin 6o' . cos S6«. 



(6). If 0»cos-^^/|, and^^cos-^ ^^"^ 1 ; then ^+0=60^ 
(7). If Cota?=».cot(a-a?); then 2a?=a-sin-M -.sinal . 

(8). If Versin-*- - versin"*— = versin"^ (1 - ft) ; 

* 

X / 26 
then - = ± V r. 

16. (1). If m = tan fl- sine, and w = tan0 + sind; 
find the relation between m and n> 

(2). If (a? - a) . cos 5 + c . sin (Z - 5) = 
(y - 6) . cos S + c . cos (Z - 5) = ; 

« 

then (a? - a) . sin Z + (y - 6) cos Z + c = 0, 
(3). If a . (sin 0)«+ a. (cos 0)^= 5, a', (sin fff-\- a . (cosffy^b'; 

1111 

and a . tan = a . tan ff; then - + 7 = 7 + T' * 

a a 

w*-l 
(4). If Tan = (tan | ^)S and (cos 0)* = —j- ; 

then 971 = 



{(cose)«+(sine)«}^* 



(5). If Cost?=: ^^^" ^ ; thenTan^w* V -t^.tan^tt. 
^ ^ .1 -ecosf^ . "^ 1 -^ . 
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17- tn a RI0HT-AK6LED TRiANQLi ABC, C beisg the 
right angle; 

(1). Cos (2j- iff) = ^. (5c*- 4a'). 

(2). Area = (semi-perimeter) x (semi-perimeter — hypothenuse)# 

(3). The perimeter being given, and the perpendicular from 
C on c, to find the three sides* 

' (4) . A person observes the elevation of a tower to be 60^, on 
receding from it 100 yards he finds the elevation to 
be SO®; required the height of the tower. 

(5)^ A cylindrical tower of given diameter terminates in a 
conical spire. At a measured distance from the foot 
of the tower the angles of elevation of the tops of the 
spire and the tower are observed. Find the heights 
of the tower and the spire, (l) when the measured 
distance is horizontal, and (2) when it is inclined at 
a given angle to the horizon. 

(6). To a person standing 288 yards from the foot of a tower, 
its elevation is 53^,8'; determine the height of the tower: 

L tan 53^, 8' = 10-124 ; lio288 = 2-459- 

(7). The hypothenuse is 7854-3, and one angle is 37^ 18'; 
find the logarithms of the opposite side. 

L cosec S7S 18' = 10-2175357 ; lio 7*8543 = -8951075. 

OBLiaUE-ANGLED TRIANGLES* 

18. General Properties. 
b.BinC 



(I). TanB 



a— 6 . cos C 



(2). Cos^(^-5)— ^!^.ain^C; Sia{A-B)~—^.tduC. 

c c 

(8). ^ « (oV 6^ + c*) « o6 . cos C + ac . cos jB 4- 6c . cos -A. 
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(4). ^. (a+&-fe)K^(a+6).cosC+'^(a+o)cp8£+^(6+c).cos^. 
(5). c" = (o + 6)*. (sin ^ C)" + (a - 6)». (cos ^ C)». 
(6). 2a . cot ^ A = (6 + c - a) . (cot^ A + cot ^ C). 

(7). ^.(8in|S)'=|^.(siniJ)^ 

(8). The length of the line from C which bisects c is 

, V A 1 . o ,ox sin-4 . sinfi 

(9). Area=i(«^-6^).-j_^^-^. 

(10). le T = (cos 2 -4 - COS 2 5) + ^ . (cos 4^ - COS 4 jB) 

+ ^ . (cos 6-4 - COS 6B) + . . . 

^ a b V h^ 

(11). L~ = -.cosC + — -.COS2C + — - cosSC + .-.. 

6 sinC h^ sin2C 6^ sin3C 
"^ o sml a* sm2 or sin3 

19. (l). The sides of a triangle are 13, 12, 5; find its 
area. 

(S). Given the perimeter, area, and an angle, find the side 
opposite to the given angle. 

(3). Given jB, a, and area, to determine the triangle. 

(4). Given the vertical angle, the perpendicular on the base^ 
and the rectangle under the segments of the base, to 
determine the triangle. 

(5). The length of a road, in which the ascent is 1 foot 
in five, from the foot of a hill to the top is a mile 
and two-thirds. What will be the length of a zigzag 
road in which the ascent is 1 foot in 12 P 
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4, 
(6). The area of a triangle is - of the triangle whose sides 

3 

are the lines joining the angles of the first triangle 

with the bisections of the sides respectively opposite. 

(7). If in the three edges of a cube which meet in a point O, 
points A, jB, C be taken which are distant a, 6, c, 
from O, the area of the triangle formed by joining 
J, B, C, is 1(0262 + 53^2^ aV)*. 

(8). The sides of a triangle are as n — 1, w, w+1, where 
n is very large; find the angles, and determine the 
diflFerence of each from 60^^. 

(9). An object six feet high, standing at the top of a tower^ 
subtends an angle Tan"^ -015 at a station which is 
100 yards from the base. Find the height of the 
tower. 

(10). Two objects, A and jB, were observed to be at the 
same instant in a line inclined at an angle ISP to the 
east of a ship's course which was at the time due 
north. The ship's course was then altered, and after 
sailing 5 miles in a N. W. direction, the same objects 
were observed to bear E. and N. E. respectively. 
Required the distance of A from B, 

(11). A vessel observed another a° from the north, sailing 
in a direction parallel to its own. In p hours its 
bearing was )3^ and in q hours afterwards ^y^ from 
the north. To what point of the compass were the 
vessels sailing.*^ 

(12). The shadows of two vertical walls, which are at right 
angles to each other, and are a and ai feet in height, 
are observed, when the Sun is due south, to be h and 6i 
feet in breadth. Shew that if a be the Sun's altitude 
above the horizon, and /3 be the inclination of the first 
wall to the meridian ; 






a 6, 
hai 
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(13). A boy was flying a kite at noon when the wind was 
blowing a° from the south, and the angular distance 
of the kite's shadow from the north was )3°. The 
wind suddenly changed to a° from the south, and 
the shadow to j3'° from the north, and the kite was 
raised as much above 45^ as it had before been below 
that elevation. Shew that ^ being the angular eleva- 
tion of the Sun, and 45° - 0° that of the kite at first, 

(Tan 00)* = ^ sin ^. sin /3' 



sin (a - /3) . sin (a - /3') ' 



sin (a - j8) . sin ji' 



(Tan 450 - x^^f = . ; , ^;, . "^ . 
^ sm (a - p ) . sm p 

(14). A privateer observes the direction in which a trader 
leaves a harbour at a known distance. Having given 
the rates of sailing of the two vessels, shew how to 
compute the angle at which the privateer must pursue 
the trader, so that she may just have prepared for 
action at the tim^ she comes within gun-shot. 

(15). There are two towns lying N. and S. of each other, 
and distant 2^ miles. Their angles of depression as 
observed from a balloon are 45° and 60°, and after 
the balloon has proceeded 6 miles in a S.£. direction, 
the angles of depression of each are ^ of what they 
were before. Shew that the height of the balloon 
was 3 miles very nearly. 

(16). The sides o, 6, c of a triangle are 4, 5, 6, find the angle 
jB; having given 

lio2 = -3010299. L cos 27^ 5S' = 9*9464040. 

« 

lio5 = -6989700. L cos 27°, 54 = 9*9463371. 

(17). lioS = -4771213, lio tan 57°, 19', ll"= -1928032- Shew that 
if one angle be 60°, and the two sides containing it 
are as 19 to 1, the other two angles are 117°, 19, n", 
and 2°, 40', 49". 
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(18). Two sides of a triangle are as 9 to 7) and the included 
angle is 64^, 12' ; determine the degrees, minutes, and 
seconds in the other angles. Given 

lio2 = 3010300, L tan 57^ 54' = 10-2025255, 
L tan 1 1°, 16' = 9-2993216. L tan 11^17'= 9-2999804. 

20. (l). The radii of the circles described within and 
about a triangle whose sides are a, 6, c being r and £, 
prove that 

2 Rr = ; ; and r = 4/Z . sin 4 J . sin i B . sin A C 

a+6+c ^ ^ * 

(2). The product of the radii of the four circles which touch 
three lines which intersect each other = the square 
of the area of the triangle which the three lines 
include. 

(S). Three circles whose radii are a, 6, c, touch each other 
externally; prove that the tangents at the points of 
contact meet in a point, whose distance from any 
one of them is, * 

abc \ i 



,a + 6 + c, 



(4). The areas of all triangles described about a given circle 
are as their perimeters. 

(5). If a^o' be homologous sides of similar triangles described 
about and within a circle, 

o' = 4a . sin ^ -4 . sin -^ S . sin ^ C. 

21. (1). In a regular polygon of n sides, of which a 
side is 2 a, 

_ IT 

R-if-r^a .cot- — . 

2n 
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(i). The square of a side of a pentagon inscribed in a 
circle = square of a side of the inscribed hexagon, 
together with the square of the side of the inscribed 
decagon. 

(3). The area of a circle and that of a regular polygon in- 
scribed in it being given, find the number of the sides of 
the polygon, and the angles they make one with another. 

22. Adapt to logarithmic computation; 
(l). \/a + 6 + y/a - 6. 

. ^ \/a + b \/a — b 

(^)- ir-^^ IT' 

a-^h a-\-b 

In the following questions B is required. 
(3). Sin (0 + a) = w . sin Q. 

(4). Cos (a + d) = cos a . sin + sin )3. 

(5). Cosmd + cosnd + cosj}0 = 1. 

•r.v r»^ /» wa. cos -4 — 6. sin 5 , ^ »* ^ « 

(6). Tan0 = r-^; where A^ 5, C are the 

ma. cos ^ + c.smC 

angles of a triangle. 

(7). Sin0.y^{l + (tan^.tan5)'} + cos0.>v/fl-(tan^.tan5)«} 

= tan A + tan B. 

23. Prove that, 

(1). |,(8sin:J^0-sin^0)=:0; nearly. 

(2). Versin0=-i.{ei^^-6-i^^|. 

(S). If from an arc AB of a circle of radius r whose 
centre is O, AC be cut off = r .sin^Ofi; then 
sector COB ^ segment ACB. 

cc 
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24. Solve the equations; 
(1). of^-^l^O. 

(2). a?» - 6a? - 4 = 0. [a? = - 2, or 1 ± \/i-] 

(3). d?* - 147a? - 343 = 0. [One root is 1S'1556964 ; given 
cos 20" = -9396926.] 



25. Logarithms. 
(1). From l,o2, and lio3, find l,o72. 

(2). From 1,0 14, and l,ol6, find lio2, lio5, IwT, 1 



"i960 



(3). From lio2, and I1067, find L tan 15^ 



l+N \-N 



N^ N* N' 



(4). Mo + iyr)*.(i-iyr) «=- + - + - + ...} 
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SPHERICAL TRIGONOMETRY. 



CHAPTER I. 

ON CERTAIN PROPERTIB8 OP SPHERICAL TBIANGLBS. 

1. Def. a Sphere is a solid hounded by a surface of 
which every point is equally distant from a fixed point, called 
the centre of the sphere. 

Def. The line joining the centre with any point in the 
surface is called the radius of the sphere. 

2. Every section of a sphere made by a plane is a 
circle. 

K 

Let ABCD be a sphere of which /"n^TN^^ 

the center is O; AFCG the curve in /> -L\.-..-Ov^ 

which a plane cutting the sphere inter- r'--^^.^.^_SX^:^t<'y 

sects its surface; OE a perpendicular / 

from O upon the cutting plane. I 

Join E with F any point in AFCG, \ 
and join FO. Then since OE is per- ^^--JL--^ 
peodicular to the cutting plane, it is ^ 

perpendicular to EF, a line in that plane ; 

.-. EF = ^(OF^ - OE^), a constant quantity. 

Now -E is a Jiosed point in the cutting plane, and F is any 
point in the curve AFC Therefore AFC is a circle whose 
center is E and radius is EF. Euclid, i. Def. 15. 

Cor. If the cutting plane pass through the centre of 
the sphere, EO vanishes, and EF becomes equal to OF, the 
radius of the sphere. 

*A 



3. Def. The circle in which a sphere is cut by a plane 
is called a greats or a small, circle according as the cutting 
plane passes, or does not pass, through the centre of the 
sphere. 

CoR. Since the radius of every great circle is equal to 
the radius of the sphere. Art. 2, all great circles of the 
sphere must be equal. 

Note. Unless the contrary be expressly mentioned, when 
hereafter we speak of an arc of a sphere, an arc of a great 
circle is meant. 

4. Def. Sfhebical Tbigonometey investigates the 
relations subsisting between the angles of the plane faces which 
form a solid angle, and the angles at which the plane faces 
themselves are inclined to one another. 

For the sake of convenience the angular point is made 
the centre of a sphere, which being cut by the plane faces 
containing the solid angle, presents on its surface a figure 
whose sides are arcs of great circles. 

Let ABC be a triangle of this kind, 
wjiose sides AB, BC, CA, are formed by the 
intersection of the planes AOB, BOC, COAy 
with the surface of a sphere of which is 
the centre. The angle of any face, as AOBy o^ 

. arc AB „, r« . \«, i i ' i ' 

IS — — — , PL Trig. Chap. vi. ; and the angle 

contained between any two faces, as BAO and CAO, is the 
angle contained between AD and AE, which are lines drawn 
in the planes BAO and CAO at right angles to their intersec- 
tion AO. Eucl. XI. Def. 6. 

The lines AD, AE^ being at right angles to the radius 
OA, and lying in the planes of the arcs AB and AC, are 
tangents to those arcs. 

5. After certain properties of spherical triangles have 
been proved, it will not, in pursuing further investigations, 
be requisite to represent in our figures the centre of the sphere 
on which the triangles are described. 




s 

Note. It must, however, never be forgotten, that when 
the words " the angle BAC\ov " the angle A'" occur, the angle 
raeant is that of the inclination of the planes passing through 
O, the centre of the sphere, and the arcs of AB and ACy — * 
and that this is the angle contained between two lines 
drawn from any point in AO at right angles to ity and 
respectively lying in the planes AOB and AOC. Also, 
whenever the expression "the sine of AB^ occurs, the sine 
is meant of the angle which the arc AB subtends at the 
centre of the circle of which it is a portion. — If this circle 
be a great circle, its centre is also the centre of the sphere. 

6. In the following pages the angle BAC will com- 
monly be indicated by the letter A^ and the angle subtended 
by SC, the side of the triangle opposite to aBAC^ will be 
indicated by o. The other parts of the triangle BAC will 
be represented in like manner. 

7. Def. If 0£, which is perpendicular to the plane 
AFC^ (Fig- Art. 2.) be produced both ways to meet the 
surface of the sphere in B and Z), these points are respectively 
called the nearer and the more remote poles of the circle AFC^ 
and the straight line BOD is called the axis of the circle AFC. 

8. The pole of a circle is equally distant from every 
point in its circumference. (Fig. Art. 2.) , 

Join B with F any point in AFCG. Then, BEF being 
a right angle, 

BF^ = BE' + EF^ 



= BE^ + OF"" "OE^; a constant quantity. 

And F being any point in AFCG9 B is equally distant from 
every point in the circumference of that circle. 

Similarly, DF^ ^ DE"" -¥ EF^ 

= DE^ -f OF^ - OE^ ; a constant quantity. 

Hence D is equally distant from every point in the circum- 
ference of AFCG. 



Again ; let BF be an arc of a great circle passing through 
B and JF*. Then since BF is constant, and in equal circles, 
equal circumferences are subtended by equal straight lines^ 
Euclid III. xxix, the arc BNF is constant, — and also, be- 
cause the radii of all great circles are equal, the angle BOF 
subtended at the centre of the sphere, is constant. 

Hence it appears that every point in the circumference of 
a circle of a sphere is equally distant from the pole of the 
circle; whether the distance be estimated by the length of a 
straight line joining the point with the pole, — or by the arc 
of a great circle connecting the same points, — or by the angle 
which this arc subtends at the centre of the sphere. 

9. Since BO is at right angles to the plane AFC^ every 
plane through BO is at right angles to that plane. Hence, 
the angle between any circle whatever and a great circle 
passing through its poU, is a right angle. 

10. If AFCG become a great circle, OE vanishes, E 
coincides with O, and BOF becomes a right angle. 

Now since BO is perpendicular to the plane AOF, the 
angle BOF is a right angle, and BF is a quadrant. 

Also, since BOF is a plane passing 
through J?C, which is a line perpendicular 
to the plane AOF, BOF is at right angles 
to AOFj and therefore the angle BFA — 
which. Art. 4, is the inclination of the 
two planes to one another, — ^is a right 
angle. 

~ Hence it appears, that if a quadrant (FB) be drawn at 
right angles to a great circle AFC from any point -jF in it; 
the extremity of the quadrant is the pole of the circle. 

Cob. If B be the pole of AFC^ AO and FO are at right 
angles to BO, and AOF is the inclination of A OB and FOB; 

.-. Art. 5, lAF^l ABF. 

Def. Great circles which pass through the pole of a 
great circle are called secondaries to that circle. 




11. If from a point an the surface of a sphere there can 
be drawn two arcs {which are not parts of the same circle) 
ai right angles to a given circle^ that point is the pole of 
the circle, (Fig. Art. 10.) 

Let B be the point, BA and BF arcs through A and F, 
which are points in the circle AFC ; and let BA and BF be 
at right angles to AF. 

Then since BA and BF are at right angles to AFy and 
are not parts of the same circle, the planes BAO and BFO 
must intersect, and their intersection BO is at right angles to 
AOF^ Eucl. XI. 19; — therefore B is the pole of AFC. 

Cob. Hence also it appears, that the intersection of two 
arcs drawn at right angles to a given circle through any two 
points in it, is the pole of that circle. 

12. The angle subtended at the centre of the sphere 
by the arc which joins the poles of two great circles^ is the 
inclination of the planes of the circles. 

Let the given circles be FD and FE 
intersecting in F^ A and B their respec- 
tive poles, and ABD the circle through 
A and B. 




Now AO is perpendicular to OF, — 
a line in the plane DOF, 

And BO is perpendicular to OF, — 
a line in the plane EOF; 

.•. OF is perpendicular to the plane AOB, and therefore 
to OD and OE, which are lines in that plane ; 

.-. DOE is the angle of inclination of the planes FOD, FOE. 

And AOB = AOD - BOD = 90^ - BOD 

« BOE - BOD 

= DOE. 

CoE. Hence also it appears that z AB - L DE = i DFE. 
Arts. 5, 4. 



13. Two great circles are bisected by their intersections. 
(Fig. Art. 10.) 

Let BAD and BFD be arcs of two great circles inter- 
secting each other in B and D. Join BD^ and let O be the 
center of the sphere. 

Then since BAD is a great circle, O is a point in its plane ; 
similarly, O is a point in the plane of BFD; therefore O lies 
in the intersection of these planes, that is, in the line joining B 
and 1>. Therefore BAD and BFD are semicircles, having 
BOD for their common diameter, and the two great circles 
are bisected by the points B and D. 

14. Any side of a spherical triangle is less than a semi- 
circle^ and any angle is less than two right angles. 

Since Euclid takes two right angles as the, limit of a plane 
angle, this is also his limit for the angle of any plane face 
of a solid angle*. Hence in a spherical triangle no side can be 
equal to a semicircle. 

Thus, if ACB intersect AEBF in the 
points A and S, and CD be any other arc, 
then the triangle connecting the points 5, 
C, D is not the figure formed by BC, CD^ b[ 
DAFBy (of which the side DAFB is greater 
than a semicircle), but the figure formed by 
BCy CD, DEB. 

* If a face could have an angle . greater than two right angles, Euclid's Pro- 
position, XI. 20., " If a solid angle be contained by three plane angles, any two of 
then) are together greater than the third/' would not be true in all cases. 

For let ACB be a circle whose diameter is AOB^ and let 
COA revolve about OC^ until A comes into the position a. 
Now if AOa be less than BOC, it is evident that if the 
thrae plane angles containing the. solid angle whose edges are 
AO, aO, CO be those subtended by the arcs Aa, aC, CEA, 
two of them, namely those subtended by il a and a C, are 
together not equal to the third, which is subtended by CEA. 

If, following 'Euclid's construction in xi. 20., we made 
AOE=AOC, and joined AE, Euclid's proof would fail from 
EA not cutting the edge OC. 

The faces of the solid angle whose edges are AO, aO, CO, are the sectors subiended 
by Aa, aC, CD A. 





If a side, as ADB^ become a semicircle, then the arcs which 
join A and B with any other point C, are portions of the semi- 
circle BCA9 and the arcs joining the points A, J?, C cease to 
form a triangle. Wherefore the side of a triangle is less than 
a semicircle. 

CoR. 1. Hence it follows that an angle of a triangle must 
be less than two right angles. 

For if possible let BFADC be a triangle having BCD 
greater than two right angles. Produce BC to A ; then 
BFA is a semicircle, and BFAD is greater than a semicircle ; 
which is impossible. 

If BCD become equal to two right angles, BC and CD 
become parts of the same circle, and the figure ceases to be a 
triangle. 

Wherefore the angle of a triangle is less than two right 
angles. 

CoE. 2. Hence it follows, that if the great circle be com- 
pleted of which any side AB of a triangle ABC forms a 
part, the triangle lies within it. 

For if possible, let C lie without the 
circle, and let CA cut it in D; then since 
DA is a semicircle. Art. 13, CD A is greater a^ 
than a semicircle ; which is impossible. 

16. If F be the pole of a great circle BAC and of 

a small circle bac which are cut by the great circles Pa A 

arc ab 

and PbB, then — - = sinPa. 

arc AB 

Let OP, which is at right angles to the planes of both 
circles, cut the plane of the small circle in D. Join AO^ 
BOy aD^ bD. Since these lines lie in planes which are 
perpendicular to OP^ each of them is perpendicular to OP. 
Join aO, 
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Then aD is perpendicular to PO9 and is 
therefore parallel to AO, which lies in the same 
plane with aD, and is perpendicular to PO. 

Similarly, bD is parallel to BO; 

.-. zaD6 = jcAOB. Eucl. xi. 10. 

, arcab axe AB 

that IS. = ; 

' aD AO ' 

arc ab aD aD . ^„ . „ 

.•. 7— = — — = — — = sin aOP^ or sm Pa. 

axe AB AO aO 

Cor. 1 . Since POA = 9(f, sin POa = cos a OA ; 

arc a 6 




= cos a OAj or cos a A. 



arc AB 

Cob. 2. If PA be not a quadrant, it may in like 
manner be proved that 

axcab An Pa 

arc AB sin PA * 

16. Def. If the angular points A^ B, C of a spherical 
triangle ABC, Fig. Art. 17, be made the poles of the three 
great circles DE, EF, FD respectively, the triangle ABC 
is called with respect to DEF the primitive triangle, and 
DEF is called with respect to ABC the polar triangle. 

17- The angular points of the polar triangle are the 
poles of the sides of the primitive triangle. 

Join AE and BE, by arcs of two great 
circles. 

Then, since A is the pole of ED, AE = - , 

Jit 



And, 



Art. 10. I 
since B is the pole of EF, BE « — . 




Therefore the great circle of which E is the pole passes through 
A and B, or E is the pole of AB. Similarly D and F are the 
poles of AC and BC respectively. 



18. The polar triangle is called also the supplemental 
triangle, from the following property it possesses. 

The sides and angles of the polar triangle are the supple- 
ments of the angles and sides respectively of the primitive 
triangle. (Fig. Art. 17.) 

For z ^ = HG Art. 10. Cor. 
^EG-EH 
= EG - (ED - HD) 

« 

^EG + DH-ED. 
But EG and DH are quadrants, or each subtends an 
angle J; 

.-. ^A^ir-ED, 
Similarly, jLB^it-EF^ and lC^v-FD. 

Again, AB ^ A.G - EG ^ AG -- (IG - BI) 

^AG + BI-IG 

= - + - - JS. Since E = IG. Art. 10. Cor. 

2 2 

= TT — E. 

Similarly, BC = tt - F, and AC ^ ir - D. 

19. If a general equation be established between the 
sides and the angles of a spherical triangle^ a true result 
is obtained if in the equation the supplements of the sides 
and of the angles respectively be written for the angles 
and sides which enter into the equation. 

For if the equation be proved for any triangle whatever, 
we may substitute in it the sides a\ b\ c\ and the angles 
A\ B! y C\ of the polar triangle in the place of the sides a, 6, c, 
and the angles A9 B^ C, of the primitive triangle. And in the 
equation as it then stands, putting for the sides and angles 
of the polar triangle their equivalents drawn from the primitive 
triangle, viz. 

♦ B 
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IT — -4 » a , 

TT - J? = 6', 
TT - C = C', 



IT - a = il', 

IT — C ^ C\ 



we obtain a true result, which differs from the original equa^ 
tion, in having the supplements of the sides and of the angles 
respectively written for the angles and sides of the triangle. 

Ex. If A^ B^ C he the angles, and a, 6, e be the 
sides of any triangle, it will hereafter be proved that. 



cos A = 



cos a — cos b . cos c 
sin & . sin c 



_, ^ . , cos a — cos b\ cos c 

Therefore cos a = — 



sin 6'. sine' 



Now A' ^ IT ^ Oj a = 7r— w4, b ^ IT — Bj c ^ir — C ', 



/. cos {w — a)^ 



cos 



{it - A) - cos (tt - 5) . cos (ir- C) 
sin (tt - J?) . sin {ir - C) 



cos a a= 



cos A + cos J? . cos C 
sin £ . sin C 



20. Any two sides of a spherical triangle are together 
greater than the thirds and the sum of the three sides is less 
than the circumference of a great circle. 



For, Eucl. XI. 20., any two of the angles 

/ arc AB arc EC 
AOB, BOCy CO A, (or —Jq-^ jq > 

sxcCA' 



— -—I , which form the solid ancle at 0, o 
AO ) © « 



are together greater than the third. There- 
fore any two of the arcs AB^ BC, CA are 
together greater than the third. 
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Also, Eucl. XI. 2K, the three angles forming the solid 
angle at O are less than four right angles ; 

arc AB arc BC arc CA 

.'. arc AB + arc BC H- arc CA < Qir . -40, which is 
the circumference of a circle whose radius is AO. 

Cob. 1. Since the sum of the plane angles which contain 
any solid angle is less than four right angles, Eucl. xi. 21., 
it follows from the same mode of proof, that the sum of the 
sides of any polygonal figure described on a sphere, whose 
sides are arcs of great circles, is less than the circumference 
of a great circle. 

The polygonal figure, however, must be such that its 
area is contained on the surface of a hemisphere. For in 
the proof of the proposition of Euclid to which we have 
referred, it is supposed that all the plane faces which con- 
tain the solid angle may be cut by one plane, — which 
cannot be the case unless all the edges of the solid angle 
lie within the same hemisphere. 

Cor. 2. Also let ABCDE be a five-sided figure described 
on a sphere, and let it be divided into triangles by the arcs 
AC^ AD. (The Student will easily draw the figure.) 

Then AB + BC>AC; 

. .-. AB + BC-^CD>AC + CDy and AC+CD>AD; 
.-, AB + BC^CD>AD; 

.-. AB + BC + CD + DE>AD + DE>AE. 

And the same method of proof being applicable to a polygon 
of any number of sides, it follows that the sum of all the sides 
but one of a spherical polygon is greater than the remaining 
side. 
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Cob. 3. If a and h be two sides of a spherical triangle, 
since each is less than tt, 

_ TT 

And o — fe<7r, .*. i (»-©)< -r* 

Also, since any angle of a triangle is less than tt ; 
.-. J + S<27r, .-. ^(J + J?)<7r. 

And ^ - iB < TT, .-. \{A- B)<^. 



CoR 4. a\ h\ c 9 being the sides of the polar triangle, 

.-. (tt - J) + (tt - jB) > (tt - C) ; 

.-. Tr>A-\-B-C. 

Or, ^ + jB - C < TT. 

21. T^^c «ww o/ ^Ae angles of a spherical triangle is 
greater than two^ and less than siw^ right angles. 

Let A^ By C be the angles, and a, 6, c the sides of a 
triangle; A\ B\ C and a\h\c\ the angles and sides of its 
polar triangle. 

Now 2 TT > a + 6' + c'. Art. 20. 

> (tt - ^) + (tt - S) + (tt - C) 

>S7r-(ii + B+ C); 

.-. -4 -h jB+ C>7r. 
Again, since each of the angles A^ fi, C is less than ir. 
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22. The angles at the base of an isosceles triangle are 
equal to each other. (Fig. Art. 28.) 

Suppose ABC to be an isosceles triangle, having AB== AC^ 
and therefore z AOB = z AOC. 

From D, any point in OA^ draw DG perpendicular to the 
plane BOC^ and therefore at right angles to every line it meets 
in that plane ; and from G draw GE and GF perpendicular 
to OB and OC \ join ED, FD, OG. 

Then OE" = OG"" - GE' 

= (OD^ - DG') - (ED^ - 2>G*) 

.\ DE is perpendicular to 0£, and .*. z 2>£G = inclination 
of the planes BOC and BOA, = z S. 

Similarly DJ' is perpendicular to OC, and Z DjPG - lC 
Now DE^OD. sin JOB = 02) . sin JOC = DF. 
And EG"" = D£^ -DG' = DF^ - Z>G^ = i^G^ 
Hence, since GE, ED = G-F, FD, and GZ) is common, 
.-. z jDjBG = z DFG, or z J? = z C. 

23. Conversely, if z S = z C, or z DEG = z JDFG, it 
may be shewn from the same figure that AB — AC\ — that 
is, the angles at the base being equal, the sides opposite to 
them are equal. 

Cor. Hence also it follows that every equilateral triangle 
is also equiangular ; and conversely, that every equiangular 
triangle is also equilateral. 

24. Of the two sides which are opposite to two unequal 
angles in a triangle, that is the greater which is opposite to 
the angle which is the greater. 
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Let z ABC be greater than z BAC. 
Then AC>BC. 

Make ^DBA= i.DAB\ .-. DA=DB. 
But CD + DB> BC. Art. 20. 

And AC = CD + DA = CD + DB; 
.-. AC>BC. 

25. Conversely, it may easily be shewn that of two angles 
in a triangle opposite to unequal sides, that is the greater 
which is opposite to the side which is the greater. 

Cob. Hence A — B and a — b have the same sign. 

26. Article 24 has been proved after the manner of 
Euclid I. 19. The following propositions may be enunciated 
for spherical triangles, in the terms used for plane triangles, 
and may be proved in nearly the same words. Euclid i. 
Props. 4. 8. 24. 25. 26. &c. 

27. Before we proceed to prove certain formulae which 
are useful for the solution of triangles, we will recapitulate 
some properties of triangles to which we shall have occasion 
to refer. 



Arts. 14. 
14. 



20. 
24. 

25, 

20. 

21. 

20. Cor. 3. 

20. Cor. 3. 

20. Cor. 4. 



1. A side must be less than a semicircle. 

2. An angle must be less than two right angles. 

3. Any two sides are together greater than 

the third. 

4. The greater side is opposite to the greater 

angle; and conversely. 

5. A — B and a — h are of the same sign. 

6. a+fe + c<2 7r. 

7. J-l-jB-fC>^, and <37r. 

8. a-»-6<2ir, a-6<ir. 

9. ^ + -B<2gr, A'-Bkw. 

10. A-^ B -Ckit. 



CHAPTER 11. 



VORMUhM CONNECTING THE SIDES AND ANGLES OF 

A SPHERICAL TRIANGLE. 



28. In any spherical triangle^ the sines of the angles 
are proportional to the sines of the sides respectively oppo- 
site: or 9 ABC being the triangle. 



sin A 



sin B sin C 




sin BC sin AC sin AB 

Let be the centre of the sphere, 
JD any point in OA. Draw DG per- 
pendicular to the plane BOC, DE and 
DF in the planes AOB and AOC per- ® 
pendicular to OB and 0C» Join £G, 
FG, OG. 

Then, since DG is perpendicular to the plane BOCy and 
therefore to EG^ a line in that plane, 

E(? -- ED^ " DG"" ^ {OU' -^ 01?)'{0iy- OG^)=^OG' - OE"; 

.*. EG is at right angles to OE. 

And ED, EG being each at right angles to OB, the in- 
tersection of the planes AOB and BOC, the angle DEG is 
the inclination (^B) of those planes. 

Similarly, iDFG^ia 
Now DJe. sin B = DG = DF, sin C ; 

DF 
sing DF OD sin AOC sin AC 
" sin C " DE~^ DE" sin AOB ^ sin^g^ 

OD 

sin B sin C 



sin AC sin AB 
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And by letting fall a perpendicular from any point in OC upon 
the plane AOB9 it might in like manner be shewn that 

sin A sin B 



sin BC sin AC 
Wherefore, 

sin A sin B sin C 



sin BC sin AC sin AB 



(i) 




In the figure we have supposed the perpendicular from D 
on the opposite plane to fall within the angle BOC^ — if it fall 
without it, the proposition admits of a proof in the same 
words. 

29. To ewpress the cosine of an angle of a triangle in 
terms of the cosines and sines of the sides. 

From any point D in OA draw DE and 
DF in the planes AOB and AOC at right 
angles to AO, Therefore z. EDF is the in- o 
clination of those planes to each other, that 
is, the angle A, Join EF. 

Then from the triangles FOE and FDE, 
OF^ + OE^ --^OF.OE. cosFOE = FE' 

= FD' + DE' - 2FD.de. cosFDE ; 

.-. 2OF. OE.cosFOE 

= (OF* - FD^) + (OE" - DE") + 2FD.de. cosFDE 

= 2 OD" + 2 . FD . Z)£ . cos FDE ; 

^^^ OD OD FD DE ^^^ 
- cosFOF = — .— +—.-. cosFDJB; 

cos a = cos b . cos c + sin6 . sin cf . cos^ (ii.) 

cos a — cos b . cos c 



Whence, cos A = 



sin 6 . sin c 
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Cob. By writing ir - a for Aj &c. (Art. 19), we have 
cos J + cos£.cosC = sinfl.sin Ccoso (iii.) 

Whence, 

cos A + cos B . cos C 



cos a B 



sin jB . sin C 



30. To shew that 



Sin c . cos A s cos a . sin b — sin a . cos b . cos C. 

By (ii), 

cos c =: cos a . cos 6 -1- sin a . sin 6 . cos C. 

So also, 
sin 6 . sin c . cos A « cos a — cos h . cos c 

s COS a — COS& . (cos a . cos b + sin a . sin 6 . cos C) 
as cos a . { 1 - (cos hy} -cos 6 . sin a . sin 6 . cos C; 

.'. sine, cos ^ = cos o . sin 6 — sin a .cos ft .cos C (iv.) 

Cor. 1. 

Since, sin c . cos ^ = sin a . -; — - . cos A 

sin^ 

3= sin a . sin C . cot A^ 
we have from (iv.), 

sin a . sin C . cot A « cos a . sin ft — sin a . cos ft . cos C; 

.*. cot a. sin ft = cos ft. cos C+ sin C .cotA (v.) 

*C 
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CoH. ^. By writing w — a for J, &c. (Art. 19,), we 
have from (iv.), 

sin C.cosa = cos ii . sin J3 + sin^ . cos £. cose (vi.) 



31. To prove the formula (iv.) by an independent 
n^ethod. 



Taking the construction of Art. 28, 
produce EG to meet OC in H. 



_, EH EG GH 

Then -^—oH-OH^m 



EG GF 




EG ED EO^ GF FD OD ^ 
ED' EO OH^ FD' OD'OE 



sm c .1 

cos B . . cos a + cos C . sm 6 . — 



cose 



cose 



sin b . cos C «= cos e . sin a — sin e . cos a . cos B^ 



which is the same as (iv.). 



* NoTB. The quantities introduced into the numerator and denominator of 



EG 
OH' 



are those which connect EG and OH by means of the sides which are common to 
each two of the triangles DEG, DOE, OEM. Thus by introducing JSP we connect 
the triangle DEG, in which EG is, with the triangle DEO ; and by introducing EO 
we connect DEO with OEH, the triangle in which OH is. In like manner GF 
and OE are connected through the triangles GFD, EDO, DOE. 
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Cor. Hence (ii.) can be proved without taking for 
granted the Proposition in Plane Trigonometry, 

cos A = ; . 

26c 

For cos a . sin c . cos B = cos c . sin a - sin 6 . cos C. 

So cos a . sin 6 . cos C = cos 6 . sin a — sin e . cos £, 
and substituting this value of sin e . cos B in the first equation, 

cos a . (cos b . sin a— cos a . sin 6 . cos C) =cos c . sin a— sin b . cos C ; 
.*. cos C { 1 — (cos a)'| . sin 6 « cos c . sin a — cos a. cos 6 . sin a ; 

co8c» cos a. cos 6 + sina . sin 6.cosC. 

# 

32. The following theorem, was first given in this form 
by Gauss. 

jy, p = cos - . sin -J- (-4 -h 5), P = cos -• . cos-J- (a - 6), 

2 2 



c C 

g as cos - . COS T (-4 + -B), Q « sin — . cos-j^ (a + 6), 



r = sin-. sin-j^(^ - S), i? «= cos — . sin^(a — 6), 

c C 

« 8 sin- . cos^- (ii - B)f iS « sin — . sin -J- (0 + 6)9 
2 2 



TAen ^Ac products p . q? p • r? p • s? q • r, q . s, r . s are 
respectively equal to the products P . Q, P . R, P . S, Q . R, 
Q . Oy R . S. 



r sin jff sio 6 

I- 1+^—7*1+^ — ; 

sin A sina 

sin a . (sin il + sin A) s sin ^ . (sin a + sin 6) ; 

sine, (sin ^1 + sin jff) s sin C (sin a + sin 6) (l)- 

«..,,. sin fi sin 6 

Similarly, from 1 -, = 1 — : — , 

sin A sin a 

we should get 

sine, (sin^ - sin £) s sin C (sina - sin 6) (2). 

II. By (iv.), 

sin c . cos A » cos a . sin 6 — sin a . cos b . cos C. 

So also sin c . cos B =■ cos 6 . sin a — sin 5 . cos a . cos C ; 
.-. sin c . (cos J3-I-COS A) = (sin a . cos 6+cos a . sin b) . (1 -cos C) 

a sin (a + 6).(l - cosQ ...-(3), 

Similarly, 

sin c. (cosl? — cos A) = sin (a — 6). (l + cosC) (4). 

III. Writing ir - C^ &c. for c, &c. (Art. 19), and 
transposing the terms of (3) and (4), we have 

(l + cos c) . sin {A + B) ^ sin C . (cos b + cos a) (5). 

(1 - cos c) . sin (ii - S) = sin C . (cos 6 - cos a) (6), 

And expressing these six forms in terms of the sines and 
cosines of 



f. ^, i(^=t5), i(a±6), 



they become, 
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33. The quantities p, q, r, 8 are respectively equal to 

P, Q, R, S. 

Since pq .pr- PQ. PR; 
/. p\qr^PKQR; 

Similarly, g» = Q% r^ ^ R% ^^S*; 
.-. p = ± P, gr = dk Q, r == :fc i2, « = ± *y. 

Now in a spherical triangle, Art. 2?., 

4- (^ + -8) and ^(a -\-b)y are each less than tt, 

IT 

-]^(-4 — J5) and -jrCo-ft), are each less than — , 
and are of the same sign, 

— and - are each less than — : 
2 2 2 

.'. p, r, «, Py jR, S are all positive quantities. 

Also since pq = PQ, and p ^ + P^ .*. g= + Q; 

c C 

.\ psz+Py or cos-.sin4-(-4+i?)«cos— .cos-i-(o-6)...,(vii.) 

2 2 

.9= +Q» cos-.cos-J-(J+5)«=sin — .cos-j|-(a+6)...(viii.) 

. c . C 
r^+Ry sin-, sin -J- (-4- -B) = cos — . sin -J- (a —6) (ix.) 

c , C 

« s= + iS, sin-.cos-J-(J-5) = 8in— . sin j-(a+6) (x.) 
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Cob. From (viii.) it appears that cos-^(A + B) and 
cos T (a + 6) are of the same sign, and therefore -^(A ■¥ B) 

IT 

and \{a + b) are both greater or both less than — . 

Def. When two .angles are both greater or both less 
than a right angle, they are said to be of the same^ or of 
like^ affection. 

Thus \{A + B) and -J- (« -H 6) are of like affection, — a 
property of spherical triangles which may be added to those 
enumerated in Art. 27. 

34. Since 

1- = --; .-. tani(^ + J5) = f-^ Tx-cot- (xi.) 

q Q cos^(a + 6) 2 ^ ^ 

T R , , ^ T*v sin 4- (a - 6) C , .. ^ 

-= -; .-. tani(^-S)=^-^^ K^^^^T ^™) 

« A ^ sm i^ (a + 6) 2 

-- = -; .-. tan-J.(a + 6)= — — — —.tan- (xiu.) 

Q q » V / cos^(^+S) 2 ^ ^ 

- = -; .-. tan i (a - 6) = -T— i-rj-^. . tan- (xiv.) 

These four equations are called Napier^s analogies, and 
are of great use in the solution of triangles*. 

* The quantities p, q, r, «, P, Q, R, S, will be most easily remembered from 
Napier's first and second analogies written thus, 

sin ^(il + B) .cos- cos^ (o — 6) . cos— p 

r~ - - = c~Q 

cos J (il + B) .cos^ cos^(a+'>) .sin-j 
sin J(il — JB) . sin-j sin ^ (a — ft) .cos— „ 



cos^(ii— B) . sin|- sin ^ (a + 6). sin — 
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35. The following expressions can^ without much diffi- 
culty, be proved from the formulae of Art. 33 ; we will how- 
ever establish them from the fundamental formulae (i), (ii), (iii). 

AAA 

To find the values of cos—, sin—, tan — , and sin A, 

2 2 2 

in terms of a, b, c. 

By (ii), 

sin 6 . sin c . cos A = cos a — cos b . cos c ; 

.*. sin 6 . sin c . (l + cos^) = cos a — (cos 6 . cos c — sin ft . sin c) ; 

.-. sin 6 . sin c . 2 [ cos — j = cos a — cos (b + c) 

= 2 sin -|- (a + 6 -f c) . sin -J- (6 -h c — a), 

PI. Trig. Art. 51, (4). 
And if iS^-J-Ca+ft+c), *S'-a = ^(o + ft + c)-a=s^(6 + c-a), 

J\ * sin ^y . sin (S - a) 

cos- = —r- » 

2 / sm 6 . sm c 

A /sinS.sinCS — a) . . 

.*. cos — = V/ : — ; — : (XV.) 

2 ^ smo.smc 

. ^\ * cos a — cos b . cos c 



Again, 2 f sin — j = l — cos -4 = 1 — 



sin 6 . sin c 

•^ ^/sin(5'-6).sin(^-c) 
Whence, sm- = \/ — ^^ — ^ — -, (xvi.) 



2 ^ sm 6 . sm c 



. A 

sm — 

^ 2 

Also, tan— = — ^ 

2 A 

. cos — 
2 



Mn(S - b) . sin (*? - c) , ... 

= V sin^.sin(^-a) ("^"^ 



And smA=i2 sm — . cos — 

2 2 



2 



sin ft . sin c 



--V^{sin*S'.sin(5'-o). sin(*S'-ft).sin(*S'-c)} ..(xviii.) 



The positive signs of the square roots are taken in these 

A V 

cases, because — is necessarily less than — . ^ a.\ 

2 2 • 
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36. To find the values of cos-, sm-, tan-, and 

Tb 7b 'i 



••• 2 (cosf )' = 



1 + COS a s 



sin a, in terms of A, B, C. 

_ .... ^ - cos^ + cos B . cos C 

By (ill.) we have, cos a = r—:- — :— ; 

sin^.smC 

cos J + cos J3 . cos C + sin J? . sinC 
sin J?, sin C 

cos J + cos(S - C) 
sin^. sinC 

_ 2 cosi(J+C--Jg) . cos^(^+Jg-C) 

sin ^ . sin C 

And if iS"-: 1 (^ + 5 + O ; then, ^'- J? = i(^ + C - S) ; 

a /cos(y-5).cos(AS"-C) , ^ 

.-. cos- = V — ^ . p . \, (xx.) 

2 ^ sinfi.smC 



/ . a\* cos J + cosi 

Ajrain, 2 sm - ) = l - cos a = 1 ; — zz — r 

® \ 2/ sinJJ.sii 



* cos J + cos5 . cosC 

sinC 



cos^ + cos(J5 + C) 
sinf.sinC 

.a / cos*S".cos(*S"-^) 

Whence, sin-= V r— „— .— ^ — (xxi.) 

2 ^ sinS.smC 

• ? 
a 9. / cosS'.cos(S'- A) , .. . 

Also, tan - = ■: = V 7^^ — m 71^ — 7^ '" (^*") 

2 a ^ cos(*S -S) .cos(*S - C) 

cos - 

2 

a a 
And sin a s 2 sin - . cos - 

2 2 



? — ^ /{ -cos^'.cos(y- J).cos(*'^S).cos(5'-C)}(xxiii.) 

5inJS.sinC\/ ^ 



*D 
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Note. Since the angles of a spherical triangle are 
together greater than two right angles and less than six, S' is 
greater than one right angle and less than three, and its 
cosine is therefore a negative quantity. Also since, Art. 27f 
J + -B-C<7r, therefore cos^(A + B - C)^ or cos(*S"-C), 
is a positive quantity; and in like manner cos(*y'— -B), and 
cos(aS"--^), are positive: Wherefore the last three formulae 
are not imaginary quantities, as at first sight they appear 
to be, but real quantities, as they ought to be. 

37. Before leaving this part of the subject, we will prove 
Napier's Analogies from the formulae (i.), (ii.), (iii). 

By (iii.), 

COS A + cos B . cos C = cos a .siuB . sin C. 

So, cos B + cos A . cos C = cos 6 . sin ^ . sin C. 

By addition, (cos ^ + cos jB) . (l + cos C) 

as (cos a . sin J9 -f cos 6 . sin A) • sin C ; 



(cos J + cos iB) . 2 ( cos — j , 



/ . . smfe r • >x « . C' C 

^ (cos a . sm ^ . -; \- cos h.smA) .2 sm — ..cos — ; 

smo 22 



sm A C^ 

cos -4+cosi? = . (cos a . sin 6 + cos h . sin a) . tan — 

sm a 2 



*= -; . sm (a + 0) . tan — ; 

sma ^ 2 
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sin B' 



. / smlfN 

Again ; sin -4 + sin fi = sin -4 . 1 1 + - — j 1 



... sin 6^ 
s= sm J . 1 + 



/ sm b\ 
V sin a) 



• • 



sin-4 , . . ,v 

= — : — . (sin a + sm h) ; 
sma 

sin ^ -h sin jB sin a + sin 6 C 

ss — ; . cot — 9 

cos A + cos B sin (a + &) 2 

2 . sin ■|'(J+fi) . Qo%\{A-B) 2 . sin ■i-(a+6) . cos-J-(a-6) C 
2.cos^(J+-B).cos-J-(J-J5) " 2.sin^(a+6).cos^(a+6)' 2* 

^v cos T (o - 6) C , V 

.-. tani(ii + JS) = -7 — -TT-cot- (a). 

*^^ ^ cos^(a + 6) 2 

In like manner, 

sin il - sin jB sin a - sin 6 C 

— __ . cot — ; 

cos A + cos B sin (a + 6) 2 

Whence tan i ( J - B) = j^li^ . cot f (fi). 

Sin T (o + 0) 2 

By writing ir- A for a, &c., Art. 19, the two formulae 
(a) and (j3) become 

tan + (a + 6) = -71 — ^iT^an- (7). 

^ cos4^(J + S) 2 ^^^ 

tan-J-(a-6) = ^I'^T^^ "" J . tan- (5). 

'^ ^ ' sin^(^ + S) 2 ^ ^ 

These last two analogies might have been easily proved 
independently from the formula, 

cos a = cos b . cos c + sin 6 . sin c. cos A» 



CHAPTER III. 

ON THE SOLUTION OF RIGHT-ANGLED TKI ANGLES. 



38. Right-angled triangles may in all cases, — with 
an exception which will bjs pointed out, — be solved by means 
of the following formulae, when, besides the right angle, two 
other quantities out of the three sides and the two remain- 
ing angles are given. 

If A, B^ Che the angles of a spherical triangle, and a, 6, c 
the sides respectively opposite to them, we have seen that 

(ii.) cose = cos a. cos 6 + sin a. sin 6. cos C (l). 

(iii.) cos c. sin ^. sin £ = cos C + cos :i^ . cos £ (2). 

cos a . sin jB . sin C «= cos A + cos B . cos C (3). 

(i.) sin a. sinC = sine, sin ^ (4). 

(v.) cot a. sin& s cos 6. cos C + sin C. cot ^ (5). 

cot e . sin a = cos a . cos B -{■ sinB . cot C (6). 

Let C = 90**, and .-. cos C = 0, sin C = 1, and we obtain 
from these equations, 

(1) cos e = cos a . cos b, 

(2) cos c = cot A . cot B. 

(3) cos A = cos a . sin B. 
cos B = cos b , sin A. 

(4) sin a = sin . sin A. 
sin 6 = sin e . sin B. 

(5) sin b = tan a . cot A, 
sin a = tan b . cot B. 

(6) cos B = cot e . tan o. 
cos A = cot c . tan ft. 
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39- Napier's Rules. 



There is a kind of artificial memory by which all the 
formulae in the last Article are comprised under two rules, 
which take their name from Napier, who first gave them. 

The right angle being left out of consideration, the two 
sides incltiding the right anghy and the complements of the 
hypothenuse and of the other angles, are called the circular 
parts of the triangle. Any one of these being fixed upon as 
the middle part (ilf), the two circular parts immediately join- 
ing it are called the adjacent parts (^i, ^2), and the other two 
parts are called the opposite parts, (Oi , O2). 

Thus in the triangle ABC whose right angle is C; 



If Mbe 


The adjacent Farts are 


The oppoiite Parts arel 


a, (one of the sides including the right 
angle). , 


f-'B. »• 


IT - IT 


-7 — u4, (the complement of an angle). 


1 *"" 


2"^' **• 


^ — c, (the complement of the hypothenuse). 


'^ yt Z n 


a, b. 



Now Napiee'*s Rules are, 

WiTA— product of the tangents of the adjacent parts s:tgiuAi. tan A^j 

siuMsiproduct of the cosines of the opposite parts=cosOi.cos0^f 

with which the formulae of the last Article will be found, 
on trial, to agree. 



40. In Art. 38, Napier's Rules have been deduced as 
corollaries from certain formulae. They may however be 
proved independently in the following manner. 
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Let ABC be the triangle, 
/.C^ 90°. 

From Z>, any point in AO, 
draw DE perpendicular to OC^ 
and let DFE be that plane pass- 
ing through DE which OB cuts at 
right angles. Then z DFE = z fi. ^ 

From F^ draw J^G perpen- 
dicular to OC^ and let the plane 
FGH9 passing through jPG, cut AO perpendicularly. Then 
^FHG^iA. 

Also FEO9 GFO are similar triangles. So also are 
DEO, GHO. 




I. 



FE FE ED ^ . 



sine 



Also, sin a => sin J . ., ^ = sin wi . sin c Art. 28. 

sm C 



FE FE OF 

II. Cosfl = ^=r=; = v;v;--iT^ = t*nO.COtC. 

FD OF FD 



Also, cos B = 



FE 
FD 



OF. 



FG 

OG FG OH 



OF. 



FH FH OG 



OH 



= smA. cos 6. 

OF OF OE 
III. CoSc = ^=^.^ = cosa.cos6. 



Also, 



cose = 



OF 
OD 



FE. 



OG 

GF FE GH 



DE . 



OG DE GF 
'GH 



= cot B . cot A. 
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From I. and II. we have, writing 6, B for a, A, and 
conversely, 

sin b s cot A . tan a, cos A = tan b . cot c, 

= sin J3 . sin c, = sin jB . cos a. 

41. 7^0 «A«ti; ^Aa^ in a triangle ABC, m which C is a 
right anglCj A and a are o^ ^A« same (iffection^ as are also 
B and b. 

tana 



Sin b = cot ^ . tan a = 



tan^ 



Now since 6 is less than tt, sin 6 is positive ; — therefore tan a 
and tan^ must be of the same sign. And because ir is the 
limit both of a and of A^ these angles must be both greater or 
both less than a right angle ; that is, A and a are of the same 
affection. 

Similarly, from sin a = , it appears that B and b 

are of the same affection. 

42. If in a right-a/ngled triangle, an angle and the side 
opposite to it be the only given quantities, the triangle cannot 
be determined. 

For if the circles AB and AC 
intersect again in A', and C be a 
right angle, it is evident that ACB 
and A'CB have the angles A, A' 
equal, and CB the side opposite to these angles is the same 
in both triangles. It is therefore ambiguous whether ABC 
or A'BC be the triangle sought. 

This ambiguity will also appear, if it be attempted to 
determine the triangle by Napier's rules. For we cannot 
tell from the equation 




sin AC ^ tan CB . tan 



(!-)• 



whether we are to take the angle AC, or its supplement A'C. 
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43. The solutions of the other cases of a right-angled 
triangle from two given parts are not ambiguous, if attention 
be paid to the two following principles, 

(1). The greater side is opposite to the greater angle. 

(2). An angle and the side opposite to it are of the same 
affection. 

For example : Let c and A be given, to find a, B^ h. 
Sin a = cos I A\ . cos ( c j = sin-4 . sine. 

And since a and A are of the same afiection, the greater or 
lesser angle which satisfies this equation is to be taken for a, 

according- as A is greater or less than — . 

Again, sin I c j , or cos c, = cot A . cot B ; 

.*. tan B = cot ^ . sec c. 

And j9 is < 90° as the second member of the equation is 

positive or negative ; that is, as A and e are of like or 
unlike affection. 

Again, sin ( c J , or cos c, ■= cos a . cos h ; 

. •. cos h = cos c . sec a. 

And 6 is ^ 90°, according as the second member of the 

equation is positive or negative, that is, as a and c are of 
like or unlike affection. 

44. In selecting a formula attention must be paid to 
the principles laid down in Appendix ii. to PI. Trig. The 
following formulae may be used with advantage, when the 
side or angle required is small, or nearly equal to one or 
to two right angles. 

By Napier^s rules, cose = cot ^ .cot £, whence e cannot 
be accurately determined, if it be either a very small angle 
or nearly equal to two right angles. 
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\^T ^/^ • ^^' , .A ^ cos A. cos B 

Now 2 sm - I = I - cos c = 1 - cot -rf . cot J? = 1 : ; ; 

\ 2/ sin A .smB 



. c * /• cos (A + B) 
.\ sm = \/ — -, — ^ — r— -^ . 
2 ^ 2sin^.8injB 



So cos^- - ^/i(l + C08C) . V^-^7-^- 



sin(j-j) 



In like manner from cos a = , we have 

smi3 



a«V rms ? 



cos ~ 

« * sin 5 



lin^- V nr-5 



»'"2- V SiTB 



So from cos A « cot c . tan 6, 



. A ' y^ . ,x /sinfc-ft) 

sm— = AZ-i-il - cote, tanfe) = \/ — r-^ ^. 

2 ^^^ ^ ^ 2sinc.cos6 



A y , , ,^ / sin(c + 6) 

<^«o°V iO+<^Qtg.tanft)»= V ^,:„^ 'r ' 
2 2sme.cos6 



When c and A are given, if a be nearly a right angle, it 
cannot be accurately determined from its sine. - In this case 
cot jB s cos c . tan A determines B^ and a may be found from 

the formula for sin - , or from that for cos - . Art. 36. 

2 2 
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45. Dbf. a triangle is called quadrantal^ if any one 
of its sides be a quadrant. 

A quad/rantal triangle ABC, of which the side c is a 
qttadrantj may he sohed by Napier^s rutesy if the qua- 

drantal ride be neglected^ and a, b. A, B, C--^ 

be taken f&r the circular parte. ^ 

Let J^JXC be the polar triangle.. It may be solved 

by Napier^s rules, because €"| = ir-cs~j is a right angle ; 

i€Osc'«cot-rf'.cot jB', or == cos a .cos 6', . 
sina'a tan&\cot^, or a= sin ^'. sine', 
cos^' = tan y . cot c , or = cos a . sin IX , 

Substituting for A^ a, &c. tt - ^, ic -a^ &c. these 
become, 

- cos C = cot a . cot fc, or = cos A . cos J?, 
sin A s tan B . tan 6, or = sin a . sin C, 

— cos a = tan jB. cot C, or = — cos-4 . sin 6, 

» 

which may be represented thus, 
sinfC--j«tanf---aytanf--6V or ^cos^.cosi?, 

sin^stani?.tahr^ — fcV or =cos[ aVcosfC — \ 



sinr^-ajstanJS.tan^C-^, or =cos-i.cos(^--6\ 

which was to be proved. 



A Collection of Examples is added 9t the end of thi^ 
Treatise. 



CHAPTER IV. 

•N THE SOLUTION OF OBLIQUE-'ANOLED TRIANGLES. 



46. Zet the three sides be gwen^ (a, b, c). 

The angles may be determined from one of the formulas 
(xvi.), (xvii.), (xviii.), (xix.). 

47. Let the three angles be given, (A, B, C). 

The sides may be determined from one of the formuls 
(xx.), (xxi.), (xxii.), (xxiii.). 

48. Let two sides and the included angle be given^ 
(a, C, b). 

By Napier'^s first and second analogies, (xii.) and (xiii.)^ 

tani(^ + g)« y) ; ,cot~, 

cos -f-ya -^ 0) X 
. y J ^v sin 4- (a - 6) C 

tani(^>g)« y; ; .cot.-, 

^(A-k-B) and •^(A-B) are determined; 

•*• \ »* M ^ J »*v 1 ^ ^ »*v f a'B known*. 
And A and B being known, c is found from 



sin C 



sm c B sin a . --; 



sin^* 
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49. To determine c independetdly of A and B, by forma 
adapted to logarithmic computation. 

Cos c = cos a . cos & -f sin a . sin 6 . cos C 

= cos6. (cosa + sina. tanfr.cosC). 

Let be an angle such that 

tan 0« tan 6. cos C ....(1). 

Then cos c = cos 6 . 1 cos a + sin a . — - ) 

\ cosO; 

cos 6 , ^, 
= ^.cos(a-e) (2). 

COS0 ^ ^ ^ 

I 

Fiom (1), Ztan0 = Ztan6 + Zcos(7T-iO; which gives ^. 

(2), Zcosc=Zcos&+ZrCos(a-0)~£cosd; which gives c. 

50. Let two angles and the included side be given^ 
(A, c, B). 

From Napier's third and fourth analogies, (xiv.) and (xv.), 



c 
.tan-, 



tan 4- (a + 6) « =^--^ 

^^ ^ cosi(^ + 5) 

tan f (a - 6) » . . . . — — . tan -, 

^(a + &) and T(a-6) are determined; 



are known. 



And a and 6 being known, C is found from 



sm C = sm -4 . - — . 

sma 
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51. To finA C independently of a and b, by forms 
adapted to logarithmic computation. 

Cos C - cos e . sin ^ . sin A — cos A . cos B ; 
.-. 2 (cos — ) - 1 = n -2 (sin- J >.sinA.sinB - cos^.cosi? 

= - cos (J + J?) - 2 ( sin - J . sin J . sin B ; 
.•. 2 [cos — j = 1 -cos(-i -f jB) -2 (sin-j .sin -4 .sin 5; 
.•. (cos — I ss {sin-J-(-4 + jB)}*- (sin-j .sin-i.sin-B. 



2 



Now (sin-j . sin ^ . sin B is necessarily positive, and less 
than unity. Let therefore be an angle such that 

(sin0)'=: (sin-j .sinA.sinjB (l); 

.-. (cos-] =Jsini(J + jB)p-(sin0)» 
^ sin {1^(^+^)4-0} . sin{^(J+J?)-0}. PL Trig. Art. 54.. .(2). 



From (l), LsinO - jg^ (L mA ■\- L sin B) + Lsin — 10 ; 

2 

which gives 0. 

c 

From (2), Lcos-=^i[L8ia{i{A+B)+0\ +Laia{4tiA+B)-9}] ; 
which gives C 
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52. Let two angles and a side opposite to one of them 
be given^ (A, B, a). 

Sm 6 = sma . -; . 

smA 

« , .. V C cos4- (a — 6) , ^ ^ ^, 

From (xii.), tan - = ^^r.^A^ . cot + (^ + B). 

2 cos •f{a-\-0) 

From(xiy.), t»«i = ^^^JT^ •*»» + (« + *)' 

And 6 having been determined from the first of these equations^ 
C and c may be found from the last two. 

53. To determine C and c independently ofh^by forms 
adopted to logarithmic computation, 

Cos A ^ cos a . sin £ . sin C — cosA . cos C 

s cos J? . (cos a . tan ^. sin C — cos C). 

Let 6 be an angle such that 

cot0«* cos a. tan jB « *..... (l);. 

COS0 . 



cos 



T* /cost^ . \ 

A = coSjB . -7—;: . sm C-cos C I 
Vsm 6 J 



cos J? 

«^-2-.8in(C-e) (2>. 

From (l), L cot = Z cos a + L tan J? - 10 ; which gives 0. 

(2), Ir sin (C - d) = Z cos j1 + i sin fl - jt cos fi ; which 
gives C — 0, and thence C 

Again, we have from (vii.), 

cot a . sin c as cos c . cos B + sin jB . cot A ; 

«\ sin B . cot A = cot a . sin c ~ cos c . cos B 

at cot a . (sin c - cos A . tan a . cos c), 
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whence, if 6 be such that 



tan^ scos^.tana, (l), 

we have 

cot a 

siDjB.cot^ = 7.sin(c-d>) (2). 

cos(p ^ T^ \ y 

Prom (1), £ tan = £ cos £ + Zr tan a - 10; which gives 0. 

(2), L 8in(c-^)=Zf 8inS+Z,cotA+ZrCO80-Lcota-lO4 
which gives c — (py and thence e. 

54i. Let two aides and an angle opposite to one of them 
be giveny (a, b, A). 

c* » . . sin 6 

Sm £ s sm J . -: , 

sm a 



C cos 4- (a - 6) , , ^ ^^ 

*a» - * TT ZT* cot + (^ + J?), 

And S having been determined from the first equation, C and c 
are found from the last two equations. 

55. . To determine C and c independently of B, by forms 
adapted to logarithmic computation* 

From (v.) 

« 

cot o . sin 6 » cos 6 . cos C + sin C . cot A 

cot A 



( cot A \ 

= cos 6 . I cos C + r . sin C ; 

\ cos fe / 
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Whence, if © be such that 

^ cot -4 ,,. 

cote= r 0) 

coso 

we have 

sm(C + 9) s cot a. tan 6 • sin 0; (2) 

from which two equations we can determine 9 and C. 
Again, cos a » cos b . cos c + sin 6 . sin c . cos J 

m COS b . (cos A . tan 6 . sin c + cos e) ; 
Whence, if ^ be such that 

cot0ss cos i^. tan 6 (l) 

we have 

. , .^ cosa.sind) 

sin(c+d))^ r— ^ (2). 

^ cosft ^ ^ 

And. from these two equations we can determine ^ and c. 

56. In Article 52, the triangle has been apparently 
solved when two angles and a side opposite to on6 of them 
are given; and in Art* 54, the triangle has been apparently 
solved from two sides and the angle opposite to one of them. 

It is, however, doubtful in some cases, whether in de- 
termining one of the quantities J, B, a, 6, from the equation 

sin-4 sina , , , , 

-: — ;; = -: — 7 , when the other three are sriven, we ouffht 

smB sin6 © » © 

to take an angle which is less than -", or one which is 

2 

TT 

greater than -. We shall now proceed to distinguish the 
ambiguous cases from those which are not so. 
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(l) Given A^ B, b, to determine in what case* a may 
be found from the eqitation^ 

sin a sin A 
sin b sin B ' 

I. Let A + B he greater than two right angles, or ir. 

Then since, Art. 33, Cor., j^{a + b) and j^(A + B) are 
of like affection, 

.'. a + 6 is > IT, 

or a>ir ^ b. 

If .*. 6 "be <— , a is >— . In this case, therefore, a 

in 1 * sin a sin^ j ^i_ • i « 

may be found from -; — r = ~: — ^> ^'^d the tnangle may be 

sm b smB ° '' 

determined". 

If 6 be > — , we have nothing to enable us to determine 
from the relation a > tt - 6 whether a is > or < tt. 

II. If il + jB be < TT, then a + & is < 'tt, and ii is < tt — 6. 

And a is therefore < — if 6 be > — , but cannot be de- 

termined if 6 be <— . 

2 

III. If J + B = TT ; then. Art. 33, (ix.), a + 6 = w, 
and .*. a = TT — A. 

It appears then, that J, J?, 6 being given, 

TT . TT 

^ + i?>7r, and 6<— , a is greater than — , 



When < 



-4 + 5<7r, and 6> — , a is less than — , 



And in no other case can a be found, and the triangle 
determined. 
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(2) Given two sides^ and an angle opposite to one of 
themy to determine when the remaining parts of the triangle 
may be determined, (a, b, B.). 

If a-^-b^w, then as before A + B^ir, and .*. A =7r - B. 
< < < . 

Whence we collect, as in the last proposition, 

TT TT 

a -\'b>'7r, and J? < — ; A is greater than — , 

a + 6 < IT, and B> — ; A is less than - , 

a + 6 s= TT ; A = IT -^ B. 
And' in no other case can A be determined. 

57* By letting fall a perpendicular from an angle upon 
the opposite side, an oblique-angled triangle may be divided 
into two right-angled triangles, which may in most cases be 
solved by Napier's rules. The same ambiguities will however 
arise in this method of solution as have been shewn to exist 
when this construction is not used for the determination of the 
triangle. See Art. 42. 

58. Pbob. To find the radius of a small circle described 
about a given triangle in terms of the angles of the triangle. 

Let ABC be the triangle; bisect CA ^ 

and CB in D and £, and draw at right 
angles to AC and CB the arcs DP and 
EP intersecting in P. Jom PA, PB, PC, 
by arcs of great circles. 

Then, from the right-angled triangles 
PCD and PAD, 

cos PC = cos PD . cos DC = cos PD . cos DA = cos PA ; 

.-. PA = PC. Similarly; PB = PC. 

Therefore P is the pole of the circumscribing circle. 
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a 
Let PA = p. Now cos PBE = cot PB . tan BE = cot p . tan - ; 

a 
.•. cot p = cos PBE . cot - . 

And since PAC^ PBC, PAB are isosceles triangles, 

.-. 2iPBE + ^/,PAC + ^^PAB^A + B + C^2S^; 

.-. aPBE^S'-{lPAC'^lPAB)^S'-A. 

....... a ^ /cos(^-a).cos(^-C ) 

Also by (xxii.), cot- = \/ ^^ -r-^ tt^ -—^; 

^^ ^' 2 ^ -cosy.cosC^-^) 

/cos (y- u<) . cos (y - S) . cos (*S" - C) 

.-. cotp=^ -, . 

' ^ — cos *> 

59. To determine the radius of the circumscribing 
circle in terms of the sides of the triangle. 

As in the last Article, 

a 
Cot p= cot - . cos PBE ; 

'^ 2 

and as before, 

CosPBE = cos(y- ^) = cosi.{(i? +C)-A} 

A A 

= cos -J- (S + C) . COS — + sin -J- (B + C) . sin — 

2 2 

. A A 

sm — . COS — 

2 2/ 6 + 6-c^ 



2/ 6 + 6-c\ 
. I cos + cos . 

a \ 2 2 / 



cos- 

2 



Gauss' Theorem^ Art. 33, (ix.) and (viii.). 



sm ^ 6 c 

. cos - . cos - ; 

a 2 2 
cos- 

2 
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.*. taii|9 



a 

tan- 

2 



sm- 
2 



cosPBE 



* ^ .1 

2 2 



2 sm ' . sin - . sin - 
2 2 2 



/y/{sin S . sin (S - a) . sin (»? - 6) . sin (aS - c)} 



, by (xix.) 




60. To jind the radius of a circle inscribed in a given 
triangle in terms of the sides of the triangle. 

Let ABC be the triangle ; bisect z A and 
Z C by AP and CP, arcs of great circles, which 
meet in P, and from P draw the arcs P/), 
PJB, PP perpendicular to the sides. 

Then 
sinP2>=sin2>CP. sinCP=sinPC£ . sinCP=sinPJB; 

.-. P£ = PD. Similarly, PF = PD. 

Therefore P is the pole of the inscribed circle. 

C 

Let PD = p. Now sin CE = tan p'. cot — ; 

.'. tan p = sin C-E . tan — . 

^ 2 

And since the angles A^ P, C are bisected, it is clear that 
AD^AFy FB^BE, EC^CD; 

.-. 2CE + 2AF+2FB^a-{^b + c^2S\ 
.-. CE^S''(AF^FB) = S''C, 

Also, by (xvm.), tan - = V ,i„^.j„(^_,) ' 



tan 



- V - 



sin (*?- a) . sin (i?-6) . sin (S - c) 



sin*S 



45 

61. To determine the radius of the inscribed circle in 
terms of the angles of the triangle. 

As in the last Article, 

C 

tan fl = sin CE . tan — , 

and sin CE = sin (*y - c) = sin -jr {(« + 6) - c} 

c c 

= sin T (^ + ^) • cos — cos -J- (a + 6) . sin - 

<- 2 2 

c c 

sin - . cos - 

? ? . {cos^(J - 5) - cos^(^ + JS)} 

sm — 
2 

Gauss' Theorem^ Art, 33, (xi.) and (ix.). 

sine , A , B 

= ;=• sm — . sm — ; 

. C 2 2 

sm — 
2 

. C 

sm— ' 

2 1 

.*. coto's 



.A . B Sine 

sm — . sm — 

2 2 



^ jB c 

2 cos — . cos — . cos — 

, by (xxm.)« 



v^{ -cosy. cos.(y-^) . cos(y--B) . cos(y-c) } 



CHAPTER V. 

ON THE ABEA8 OF SPHERICAL TRIANGLES^ AND THE SOLUTION 

OF TRIANGLES WHOSE SIDES ARE SMALL COMPARED 

WITH THE RADIUS OF THE SPHERE. 



62. Def. The portioD of the surface of a sphere which 
is intercepted between two great semicircles, as ACB and 
ADBy is called a Itme. (Fig. Art. 63.) 



63. To find the area of a lune. 

If ACBD, ADBE, AEBF be lunes 
having each the same angle at A^ it is 
clear that they are all equal, and if the 
angle CAD be repeated any number of 
times, the area ACBDA will be repeated 
the same number of times; 

i. e. the area of a lune varies as its angle ; 



area of lune whose angle is ^^ A 

area of a sphere (whose angle is 360°) 860 ' 

And area of a sphere = 4 irr*, if r = radius of the sphere; 

(Hymer^s Integral Calculus, p. 153.) 

A 
.*. area of lune whose an&rle is -4° = -r-.^Trr^ 

^ 360 




180 



.g^rr®. 
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64. To find the area of a spherical triangle. 

Let ABC be a triangle upon a 
hemisphere ABDE, Art. 14. Cor. 2., and 
let AC 9 BCy be produced till they meet 
again in F, which is on the side of the 
sphere turned from the spectator. b^ 

Then since CDF = a semicircle = ACD, 

.. DF^CA. 
similarly, BC^EF\ and z DFE = z ACB ; 
.•. A DFE '^ A ACB in every respect. 
Now 2=area of AABC 

= surface of hemisphere - BHDC - AGEC - DCE 
=iwt»-(l\meAHD-'2)-i\uneBGE-'2)-(\viaeCDFE-'2) 

=27rr* 1 1 ) + S2 ; by Art. 63. 

\ 180 180 180/ '^ 

.-. 2=:(ii + S + C-l800).-^ 

^ ' 180« 

E 
= — . "jrr*; ifjB = J + S + C- 180^. 

180 

Def. The quantity il + jB+C-180° by which the sum 
of the degrees in the angles of the spherical triangle exceeds 
180^, is called the spherical ewcess of the triangle. 

Cob. 1. Hence for all triangles described on the same 
sphere, 

2ocil + 5 + C- 180^. 

And on this account ^ + B + C - 180^ has sometimes been 
taken as the measure of the surface of a triangle. 
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Cob. 2. To find the area of a spherical polygon. 

Divide the polygon into as many triangles as it has sides, 
by means of arcs of great circles drawn from each of the 
angular points to any point within the polygon. Let n 
be the number of sides of the polygon. 

Then Area » area of the n triangles 

. (angles of the triangles - n . 180^) 



180<^ 
1800 



. {angles of polygon - (« - 2) 180^}. 



65. Cagkoli^s Theorem. To shew that if "E be the 
spherical excess^ 

. E A/jsiniS'.sin(*y-a).sin(5'-6).sin(*y-c)} 

then sm — = -^^--^ : ; ^ • 

2 a b c 

2 cos - . cos - . cos - 
2 2 2 

E 

Sin - = sm\{A + S + C - 180) = sin {^{A + S) - + (180^- C)\ 



2 



C C 

= sin \ (A + J5) .sin cos \ (A+B) . cos — . 



(viii.), sin ^ ( J + fl) = 



And by 



(ix.), cos^ (-4 + A) = 



.•. sin— = \cos^(a - 6) - cos-|-(a + b)\ . 



c 

COS — 




2 

• 
c 


COS -J- (o — 6) 


cos- 
2 




. C 

sin — 




2 

• 
c 


COS T (o + b). 


cos- 




^-6)^ 


. c c 

sin — • cos — 
2 2 


c 

C08- 

2 



. a . b 
sm - . sm - 

2 2 

c 

cos- 

2 



. sin C. 
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. a . b 

sm - . sin - 

2 2 



c * sin a . sin b 



—..J\BinS. sm(S-a) . sin (5'-6). sin(>S'-c) } 



cos- 

2 

y/jsin 5^. sin (iS - o). sin (5 - 6) . sin (5^ - c)} 

^ a b c 

2 cos - . cos - . cos - 
2 2 2 

66. Llhuillier's Theorem, To ahew that 
Uin^^^/{t8iniS.t3Xii(S^a).tRn^(S-'b).teini(S'C)]. 

By PL Trig. Art. 51, (2) axid (3), 

8in4-(^ + g)-sini(l8(y-C) ^ sinj (^ + g-t-C-l80°) 
cos+(A + 5) +cosi(l800- C) cosi(J +SVC- 180°) 

= tan — ; 
4 

C 

r, tm-« 7c 



c C 

cos ^(a -b) - cos - cos — 



2 

9 



COS -i- (a + 5) + cos- sin — • 
Gauss* Theorem, Art. 33, (viii) and (ix). 



sin ^ (c + o - 6) . sin -I- (c + 6 - a) / sin S . sin (S - c) 
cos^ (a + 6 + c) . cos-^(a +6 - c) ' ^ sin (aS - a) . sin (*S - 6) 



sin 

cos 

By (xvi) and (xvii). 

=. -y/ { tan ^ aS . tan i (5 - a) . tan ^. (*? - 6) . tan i- (aS - c) } ; 

by expressing the sines under the root in terms of the sines 
and cosines of half the angles. 

*G 
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67- There are some other values of £, the Spherical 
Excess, which are symmetrical functions of the sides of the 
triangle; but as these are not of any real use, since they 
are not adapted to logarithmic computation, we shall not here 
give the demonstrations of them. The expressions will be 
found among the Examples which are given at the end of 
the book, — and may be proved without much trouble by 
Gauss' formulae. 

68. In the following Articles we shall suppose oo^ y, % 
to be the lengths of the arcs opposite to the angles A^ J7, C of 
the spherical triangle ABC which is described on a sphere of 
radius r, and whose sides are small compared with the radius 
of the sphere. Also, A! ^ S^ C are the angles of the 'plane 
triangle whose sides are ^, y^ %\ and A^, i?i, Cx are the 
angles which are observed for the angles of ABC, the errors 
a> fii 7 being made at the respective observations; so that 

A^Ai-\-a, B^Bx + fi, C^Cx+y. 

69. The area of a triangle whose sides are small com^ 
pared with the radius of the sphere being approcoimately 
known, required the number of seconds in its spherical 
excess. 

Let the triangle be described on the surface of the Earth,^ 
which we will suppose to be a sphere. 

Let r — number of linear feet in the Earth's radius, 

n = number of square feet in the area of the triangle 

E 

= — . Trr*. Art. 64 ; 
180 



. ^ = £.60.60. 



Trr* 



180 . 60 . 60 
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^_ length of an arc of 1° 1 «, ^ . ^, 

Now — 2 « . TT. PI. Trig. Chap. iv. 

radius 180 © r 

ttt 
.'. — s length of 1°, in feet, 
180 ® ' 

= 60859' 1x6, by actual measurement; 
.-. r= — .60859'1 x6; 

TT 

180 

.-. n = JS . 60 . 60 . . (60859"1 X 6)* 

7r.60.60 ^ ^ 

3-1 41 592 
.-. /,o (jE . 60 . 60) = /lo^ - (Z,ol80 + 2/io6085*91 - /io3-141592) 

= /ioW- 9-3267736.., (1), 

where £. 60.60 is the number of seconds in the spherical 
excess. 

Note. This reasoning being general, it is clear that the 
number of seconds in the spherical excess may always be de- 
termined from 

n = (jE;.60.60). ^^ ^ , 

^ ^ 180. 60. 60' 

if the radius of the sphere be known, whatever be its magr 
nitude. 

Cor. We may determine n in the following manner. 

n a area of the spherical triangle, in square feet. 

= area of the plane triangle whose sides are <r, y, at, and 
whose angles are the observed angles ^^ , jB,, C^,— rPearly. 

= -^y.«?.sin^, "^ = i^' sin(^ Tcj * P^- Trig. Chap. yi. 

* General Roy in the Trigonometrical Sarvey of England approximately determined 
the area of the triangle to a sufficient degree of accuracy by laying down on paper the 
base and the observed angles at the base, and measuring the perpendicular from the 
vertex to the base by the compasses on a scale. 
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70. Ex. If the observed angles and a side x of the 
triangle ABC be 

Bi = 6n55',39" 1 = 179^,59',59". 
Ci = 70% l',48" ) 

X = 27404-2 feet ; 

required the number of seconds in the sum of the errors made 
in observing the angles. 

Here the apparent spherical excess is 

1 79°, 59', 59"- 180°= -l". 

Now df being the side opposite to the angle Ai^ 



n 



- , sin By . sin Ci 



' , f , sin Si . sin Ci ] 

and ^..(£.60.60) = /..{i.^.^^-^^-^|-9- 



S2677S6 



/ 



10 



f - , ,, sin 67°, 55\ 39'' x sin 70°, l\ 48 | ^^„^^^ 

{ 4 • (27404-2)* . ' . , -, r, } - 9-32677S6. 

( » ^ ^ sin 137°, 57, 27 J 



Add, 2x/io27404-2 

JLsin67^ 55', 39" 
L sin 70% l', 48" 

Sabtract /,o2 



2 X 4-4378172 = 8-8756344 

« 9-9669434 
= 9-9730685 



28-8156463 



= -3010300 



L sin 137°, 57', 27", 
or jLsin 42°, 2', 33" = 9*8258684 

10 
9-3267736 



29.4536720 

1-3619743-/1^ (-23), 
' nearly. 
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And therefore the computed spherical excess, which maj 
be supposed to be the real spherical excess^ is '23". 

' Hence it appears that the whole error of observation, viz. 
real spherical excess -ap^^ar^n^ spherical excess, is •23"— (—l"), 
or l"*23, which has to be added to the three observed angles 
Ai9 B^^ Ciy in such proportions as the observer's judgment 
may direct. (See the next Article.) 

71- To shew how the observed angles of a spherical tri- 
angle whose sides are small compared with the radius of the 
sphere may be freed from the errors of observation. 

Let Jy By C, be the real angles of the triangle, 
Aiy jBi, C^y' the observed angles, 
a, (i, 7 the errors made in observing J, J?, C, respectively. 

So that A + B + C^(J, + a) + {B,+ fi) + (Ci+ 7); 
.-. (^ + S + C - 180«) = (A, + Sj+ Ci - 180°) + (a + /3 + 7) ; 

..-. a + /3 + 7 = (^ + S + C- 180°) - (A, + i»i + C, - 180«) 
== real spherical excess - computed spherical excess. 

Now if, by the method of the last Article, we approximate 
closely to the real spherical excess, we can find by this equation 
the sum of the errors of observation which have been made. 
The distribution however of this sum, — that is, the deter- 
mining what part of the whole error is to be assigned to each 
angle individually, — must evidently be left to the judgment of 
the observer, who, from knowing the state of the atmosphere at 
the times of observation, may thence form an opinion how far 
the observations can be depended on, and may then to each 
of the observed angles assign such a portion of the whole error 
as he thinks most likely to lead to a correct solution of the 
triangle. 
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If by the method of Art. 69, a -h /3 + 7, the sum of the 
errors of observation, be found, and thence the angles A, J7, C, 
be determined by the arbitrary assignment of the several parts 
of this whole error to each of the observed angles Ai, Bi, Ci, 
the sum of the errors of observation may be supposed to be got 
rid of. Yet it is highly probable that the judgment of the 
observer has not been absolutely correct in this arbitrary assign- 
ment of the parts of the whole error. The following theorem 
will point out what relation the sides of the triangle ought to 
bear to each other, in order that the small quantities by which 
the corrected angles differ from the real angles of the triangle, 
may have the least possible effect in producing errors in the 
determination of the other two sides of the triangle from a 
measured side and the corrected angles. 

72. Having given the corrected angles and one side of 
a spherical triangle whose sides are small compared with the 
radius of the sphere^ required the relation which the sides 
of the triangle ought to bear to each other, in order that 
the other sides may be determined from these data with the 
least probable amount of error. 

Let Of, y, ss he the sides opposite to the real angles of the 
triangle A, B, C ; a\ /3', 7', the errors of the corrected angles ; 
therefore A + a, J5 + /3', C + y are the corrected angles. 

Then since the spherical excess, and therefore the sum 
of the real angles of the triangle, is supposed to be known 
ewacthfy the sum of the corrected angles is known exactly, 
and therefore the sum of their errors a', /3', 7' must vanish ; 

... a' 4-/3'+ 7=0, or a'=-()3'+7'). 



(We shall throughout this Article neglect powers of a', /3', 7' 
of any order above the first.) 

Now, considering the spherical triangle as very nearly a 
plane triangle, 



55 



sin (C + y^) 

« = d? . -^ — '/- 

sm (A + a) 

sin(C+ 7') 



Of . 



fAn {A - ifi' + y')} 

sin C . 0087' + cos C . sin 7' 



<r. 



sin^ . cos (j3' + 7') - cos J . sin (/8' + 7') 
sinC 1 + 7'.cotC 



M^ w .-T-j' {i + y ' cotC] .{1 + (/3'+7').cot^} 

sin C , , . . _ , ^ 

= a?.-: — 7. }l +7 . (cot^ + cotC) + /3 . cot^f 

sinC 

= ^. . .+ 
sin^ 



f , sinC sin{J + C) ^, cos^.sinC) 
{' smA sin-4.sinC (sin^)^ J 



Now, sinB as sin(7r - S) = sin(^ + C), nearly ; 

Therefore the error in the value of », or z — w-: — -, i» 

sin^ 

{- sinS ^, cos -4. sin CI , ^ 

Similarly the error of y is 

{^- sinC , cos-4.sin2^1 , , 

(sin -4)* ' (sm^)^ I 

The question now reduces itself to this, viz. to determine what 
values of A^ B^ C, make both the quantities (l) and (2) the 
least possible. 

Since a' + /3'+7'=0, two of these quantities must be 
of the same sign and one of the other sign. Wherefore the 
probability is that any particular two, as /3' and 7', are of 
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different signs. If )8' and y be of diffSerent signs, the ex- 
pressions (l) and (2) are diminished in magnitude by giving 
cos^ a positive value*, that is, by supposing A to be less 
than a right angle. 

If we make this further supposition, that the errors 
)3' and y though different in sign are yet nearly equal in 
magnitude, it is clear that (l) and (2) satisfy this hypothesis, 
if B be nearly equal to C. 

The conclusion therefore we arrive at is. The greatest 
probability of correctness in solving a small spherical triangle 
from three observed angles and a measured side, is when the 
angle opposite to the known side is less than a right angle, 
and the other two sides are nearly equal. And these con- 
ditions will be best fulfilled, for a series of triangles, if care 
be taken that each triangle be nearly equilateral. 

73- It may be as well to recount the gratuitous sup- 
positions which have been made in the last Article. 

I. The spherical excess has been accurately determined. 

II. The errors /3' and y' are of different signs. 

III. These errors are of the same magnitude. 

For any particular triangle it is very probable that some 
of these suppositions may not be true. It may happen that 
none of them may be correct. In very few cases indeed will 
they all be fulfilled. 

With respect to the Spherical Excess, we may generally 
suppose it to be accurately known. 

With respect to the signs of (3> and y\ since two of 
the quantities a', )3', 7', are of the same, and the third is 

* It is evidently more advantageous in determining a series of triangles from one 
another, that the errors should be inconsiderable and equally difiused through all, 
than that any one calculated side should by differing much from its real value, affect 
with great errors all the triangles successively determined from it. If, ^ and y' being 
of different signs, cosil become negative^ the errors (1) and (2) are increased, and 
considerable errors may be thus introduced into the calculations. 



«7 

the contrary sign^ the probability of /3' and y being of dif- 
ferent signs, is twice as great as the probability that they 
are of the same sign. And if they be of different signs, 
then (l) and (2) of Art. 72- shew that the errors will 
not be so great if cosi^ be positive, as if it be negative^ 
This consideration renders it advisable that each of the 
angles of the triangle should be less than a right angle,-— 
which will be the case, .if the triangle be nearly equilateral^ 

But if the third hypothesis be admitted, since a vanishes 
in this case, the angle A is supposed, (which is highly im- 
probable), to have been determined with mathematical exact- 
ness. Besides, it is very unlikely indeed that an observer after 
making an error + /3' in observing an angle, should make an 
error — /3', (for y'^ —jS'), in observing, with the same in- 
strument, an angle C which is nearly of the same magnitude 
as J3. 

74. Legexdre's Theoeem. 

If eotch of the angles of a spherical triangle whose 
sides are small when compared with the radius of th^ sphere 
be diminished by one third of the spherical excess^ the triangle 
may be solved as a plane triangle whose sides are equal to 
the sides of the spherical triangle^ and whose angles are these 
reduced angles. 

Let Wyy^zhe the lengths of the sides respectively opposite 
to the angles J, jB, C of a small spherical triangle described 
on the sphere whose radius is r. Let J\ JB', C be the angles 
of that plane triangle whose sides are w, y^ %. 

Now cos A' = , 

2yaf 

and cos ^ . sin 6 . sin c = cos a — cos b . cos c, 

. V . ^ ^ y ^ 

or cos ^ . sm - . sin - = cos cos - . cos - . 

r r r r r 
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Expanding the sines and cosines of these small angles 
in terms of the angles, and neglecting powers above the 
fourth, as we shall do throughout this inve8tigatioQ,^(there 
will therefore be no powers or products of x^ y, « of more 
than four dimensions), — we have 



cos^ = 



(y ^ \ (X ^ \ 

\r 2.3f^) ' \r "" 2.sW 






•(-^) 



y'+sif-cf 1 f2y*+4y"iif*+2«*-2a?«y'-2a?*sf^l 



2y/?f 
==cosJ' -^.{2a?*ff'+2a?*«*+2y*»«-a?*-j^-s^} 

24yiifr« I V ^yx I j 
= cosJ'-|^.{l-(cos^'y}; 
.-. — . (sin A'y^ cos J'- cos -4 = sin ^ (-4 — -4') . sin ^ (i' + -4') 

[Now ^ and A' are in practice expressed in degrees, 
&c. ; when expressed by the circular measure, sin ^ (^ — A'y 
becomes 

= sin \(A- A') — = i (ui - A') , nearly, since the 

angle is very small. 



2 
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Also sin ^(A + A') =s sin A\ nearly ; 

and yx.sin A ^^C^AB^C ^9.LABC. nearly, = 2 . . irr 

' ^ 180 

Making these substitutions our equation becomes,] 

2. .^r* 

sin A^% . i (-<<--i') .— . sin A\ 

Qr^ . ^^ ^ 180 

• • """ ^ A. "~ ^ * 
3 

3 

So S'=S--, and C'=C-^. 

3 3 



Hence if jSC, or a?, be measured, and one third of the 
computed spherical excess be subtracted from each of the 
observed angles A^ B, C, we have the case of a plane 

E E E 

triangle A'B^C\ whose angles A , B , C are 

3 3 3 

known, and the side (v being given, AB and AC can be 
found. And AB and AC are y and %, the other arcs 
which are the sides of the spherical triangle ABC 

Note. It may here be remarked that the determination 
of £ is a matter of considerable importance, when triangles 
have to be solved whose sides are small compared with the 
radius of the sphere on which they are described. We have 
already seen the use this quantity is of, in correcting the 
observed angles. Art. 71 » and here we find it absolutely ne- 
cessary, if the triangle be solved by Legendre^s approximate 
method. How it may be determined from three measured or 
observed parts of the triangle is given in Art. 69^ Cor. 
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^5, To Jind the angle contained between the chords of 
two spherical ' arcs which subtend given angles at the centre 
of the sphere, the angle between the arcs themsehes being also 
given. 

Let AB and AC he the arcs, O the centre of the sphere.. 
Let the lines AO, ABy AC meet the surface of a sphere, which 
is described with centre A and any radius At), in the points 
D, £, F respectively. Then the angle EDF is the inclina- 
tion of the planes BAO and CAO, i*e. the angle contained 
between the arcs AB and AC, or z A, 

AB AC ^ 

Let = c. = 0. 

AO ' AO 

Now z FAO = ^ (tt - z AOC) = ^ (ir - 6). 
So lEAO^^iir-c). 

And from the triangle EDF, 
CosEF^cosDF.cosDE + sin DF. sinDE. cos EDF; 




n tpjitp . b . c b c 

Or cosEAF « sm - . sin - + cos- . cos - . cos A 

2 2 2 '2 



(1) 



76. We will now deduce from the result obtained in the 
last Article, two formulae which are convenient for determining 
practically the angle EAF. 

Let lEAF^A -0; 

Then 

. b 



cos 



,. ^. . , b , f b e \ 

(A -^0) ^ cos A = sm- . sm- + ( cos- . cos- - 1 ,cos^ ; 

^ ^ 2 Q \ ^ 2 J 



And, PI. Trig. Art. 54, 



. h . c 

sm- . sin- 

2 2 



6 -c\" 



/ . 6 + cV / , b-cy 



6 
cos-, cos -i 
2 2 



«^cos— j "(sin— j =l-(sm_) "^1^-) ' 
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Therefore our equation becomes 



2 Sin (^ - ^) . sin^ = { («n^)' - [sint^J } 



/ b+c\ I b-c\ 

(sin 1 .(l-cos-4)-f sin J .(l+cosJ) (l). 



6 
For an approximation to the value of 0, make sin - = - , 



and sin I A — j = sin-4 ; 



/. Ay 

. ^ sin — 

rru ' 1 - COS ^ V 2 / A 

Then, smce — -, — - — = = tan — , 

sin A .A A 2 

2 . sm — . cos — 

2 2 



_ 1 + COS -4 A 

^nd -= — : — - — = cot — ; 
sm A 2 

^ /. b + cy , A ( . b^cy A 
,\ 0s Ism 1 .tan Ism I .cot — ; 

Therefore the number of seconds in 

» 

1 / b + cy A 1 / . 6-cV A 

~ . ,// =-: — 7/» I sm-— -J .tan— --: — -. (sm ) .cot— ; 

sm l" sm l" V 4 y 2 sm l" V 4 / 2 

And determining the two terms of ttie second member of 
this equation separately by means of tables of logarithms, we 
obtain the number of seconds in d, and thence may determine 
the angle A -0, which is contained by the straight lines BA 
and CA. 
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Cor. If y, Xy be the measured lengths of the arcs AB^ 
AC, 

sm s= sm = , nearly. 

■ 

.*. number of seconds in $ 

sm l" \ \ 4r / 2 \ 4r / 2 j 

If then the radius of the Earth and the sides of the spheri- 
cal triangle be approximately known, the chordal triangle can 
be determined, since its sides can be found by the expression, 

(arc \ 
^ — -r-L and its angles can be determined by 

one of the last two Articles. 

77* Another method is to solve the triangle by the 
rules laid down for the solution of spherical triangles whose 
sides are not small in comparison with the radius of the sphere. 
In this case the logarithms of the sines and tangents of the 
sides, which are very small, must be found by the methods 
pointed out in Appendix iii. to PL Trig. 



CHAPTER VI. 

ON GEODETIC MEASUREMENTS. 



78. Geodetic Measurements are employed for ob- 
taining a correct representation of a part of the Earth^s 
surface, which is too large in extent to be considered as 
lying in* one plane. 

A horizontal line of considerable length is first measured, 
which is called a base. 

Next, an object is fixed upon, so situated that it forms 
with the extremities of the base a triangle which is nearly 
equilateral. Arts. 72, 73. The angles of this triangle are 
then measured by a theodolite, — an instrument which will 
be described hereafter. Art. 85, — and the remaining parts 
of the triangle computed by some one of the following 
methods : 

1. By the common processes of Spherical Trigonometry, 
Chap. V. 

2. By the chordal triangle. Arts. 75, 76. 

3. By diminishing each of the observed angles by one 
third of the spherical excess, and then treating the figure 
as a plane triangle*. Art. 74. 

79. The tise of Geodetic MetMurements. 

The form and position of the polygon being thus de- 
termined, it may be represented on paper according to any 
projection of the sphere, (Hymers^ Astronomy, Appendix i.), 
and a map of a country may be thus obtained. If the 
object in view be to determine the figure and dimensions 
of the Earth with great accuracy, the length of an arc mn 

* The first of these methods was preferred by Delambre, the second was used 
in the English, and the third in the French, survey. 
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passing through two given points of the pc^ygon may be de- 
termined by calculation. If these points, m 
and riy be situated on the same meridian^ and 
the difference of the zenith distances of the 
same fixed star when on the meridian be 
noted by observers at m and w, the Earth''s 
radius of curvature at the middle point of 
the calculated arc may be approximately 
found. From arcs thus measured in different 
latitudes the figure of the Earth has been 
determined with great exactness. (Astro- 
nomy, Chap. II. Arts. 91. 98. 102. 104.)* 

Next, one of the computed sides is taken as the base 
of another triangle, whose angles are observed, and sides 
computed; and thus by a series of triangles, the figure 
and dimensions of a polygonal area on the Earth^s surface 
are determined. The Earth is, in fact, a spheroid, but it 
differs so little from a sphere, that each triangle may be 
supposed, without appreciable error, to be described on the 
same sphere. If the triangulation be carried over a very 
extensive tract of country, it will become necessary to take 
into consideration the alteration which a change of latitude 
produces in the Earth^s radius. 

80. Base of Verification, 

A side of the last triangle of the series, after being thus 
computed, is carefully measured. The degree of exactness with 
which the measured coincides with the computed length tests 
the accuracy of the survey. Any considerable error is easily 
detected in the course of the calculations, in the following 
manner. (Eig- Art. 790 ^^ ^^^ value of 6, as calculated 

* The student will find this part of the subject clearly and concisely treated 
of in the Articles on "Trigonometry" and ''the Figure of the Earth/' written 
by the Astronomer Koyal for the Encyclopsedia Metropolitana. From Section 179 
of the former of these Articles, 72 of this treatise has been taken. 

For a more particular description of the details of Geodetic operations, Lardner's 
Trigonometry tnay be consulted, or any of the published accounts of the English 
survey. 
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from the original base a through the triangles A^ Bf C, 1>« Ey 
be found to agree closely with its value as computed from 
the same base through a different set of triangles A9 ff^ Cfy Ey 
it may be presumed to have been accurately determined*. 

81. Corrections of measurements — There are several 
causes which are productive of error in Geodetic Measure- 
ments. The refraction of light is affected by the perpetual 
variations of the atmosphere in density and temperature, and 
thus the observed angles cannot always be relied on. It 
is almost impossible to fiod a line perfectly straight and 
perfectly horizontal, to measure for a base. Neither can a 
portion of the Earth be found which is altogether free from 
inequalities of surface. To get rid of the errors which are 
thus introduced, several corrections are used. Some of these, 
which do not depend on experiment, but are capable of mathe- 
matical investigation, will now be given. 

(1). If there he a slight rise in the line of the base^ 
to determine the redtiction to the horizon. 

Let CB be horizontal, CE the 
line of the base, ED the small rise, — 
which is obtained by levelling with a 
spirit-level, (Art. 84.) Describe a circle 
with centre C and radius CE. ^ ~^ "^^ 

Then BD ^ CB -- CD ^ CE -- CD = the Reduction to 
the horizon. 

BE"" BE* DE\ 

And BD = -— - = ^„ = — — - T, nearly ; 

AB 2CE 2CE ' ^ 

the formula made use of in the English survey of 1786, &c. 

* In the English trigonometrical survey of 1787 and succeeding years, the 
original base on Hampstead Heath was by admeaBuremeat 274(H*2 feet; and the 
base of verification on Salisbury Plane was, as measured, 36575*401 feet, and as 
computed through three different series of triangles, 

36574-3 

36574-6 

36574-9, 
any of which approximations is sufficiently near for all practical purposes. 

t If BD = x, CEr.a, I)E = 6, x^~^^^, 

and neglecting powers of x above the first, x = ^. 

*I 
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(2). Let the meaaured base 9 instead of being one straight 
line^ consist of two straight linesy a and b, enclosings an 
angle w^Oi where 9 is very small. Required the corre(^ion 
to find c. 

c*«o*+6'+2a6 COS0 




= aV 6^+206. (1 \ 

.-. c=(o%fe).|i_— ^-_.0»L nearly; 

ab 
^ 2 (a + 6) 

.-. Correction = (a + 6) - c = —z . CF, 

' 2 (a + 6) 

Or if Q be an angle of n", where n is very small, 

1 ab ,(^n sin l")* a6f»*. sin l" 



Correction, in seconds, = -r „- , ,, , ,^ - 

sml" 2 (a + 6) 2(a + 6) 

[It is seldom necessary, in practice, to apply this cor- 
rection.] 

(d). From observations made at a point D, which is 
at a small known distance from a signal C, required to 
find the angle which A and B subtend at C. 

Let CD s a, and the observed angle ADB ^ Ay 

as/ ADCy the angle subtended at D by the left hand object 
and the signal C 

AC = r, BC = /, the distances of the right and left hand 
objects from C; — which are approximately known from AB, 
and the observed angles BAC, ABC. 
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Let z BCA9 the required angle, ■= 0. 
Then ^A-\- jl DBE = exterior angle BE A 

.'. 0-A, the reduction, « z DSi; - z C^D 
= sin D5-E -sin CAD, nearly, 




= ^.8inCDJB--.sinJZ)C 
r I 



-'■{ 



sin (A + a) sin a 



sin a) 



or 



sinl [ 



sin (J + a) sin a 



I 



}' 



when expressed in seconds. 



(4). The altitudes or depressionsj (which are small quan- 
tities), of two objects having been observed, and also the angle 
they subtend at a certain point, to Jind the horizontal angle 
they subtend.'-^(Encyc\. Metrop.) 

Let Z be the Observer's zenith, CDRO his horizon, 
A and B the two objects ; z BOA » ; z DOC, its reduction 
to the horizon, s + a? ; CA s h, DB = h\ 



From the AAZB, 



Co^CZD^ 



cos — cos ZA . cos ZB 
sin ZA . sin ZB 

cos — sin A . sin h' 
cos A. cos V 




^Making sin A = A^ cos A = 1 - — , and neglecting powers above 
the second} this becomes,]] 
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C08 


9- 


-hh' 


1 - 


h* 


+ h'* 


1 


2 



= (cos d-hK).\\ + — i — \ , nearly, 
»co80-AA'+^(A«+A'«) .COS0. 

But Cos CZD = cos (0 + a?) = cos . cosa? - sin G . sina?. 

= cos - a? . sin 0, nearly. 
And from «ithe8e two equations, 

sine *^*+'*^-8ind- 

Now if |»-A+A', and g=*-A'; then AA'=^I?!, aVA'*^ ^i?^: 

4 2 

1 \ ^ ^ -COS0 1 +cosei 

= i.jp*.tan-- g*.cot-|. 
Id seconds, this correction 

=rip{(p'«'"»")*t«"i-(9'«»i")^cot|} 

[If p\ q', be the number of seconds in the angles p and ?.] 
This reduction is not required when a Theodolite is used. 
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INSTRUMENTS USED IN SURVEYING. 



82. Ths Vernier is a contrivance for subdividing equal 
divisions made on a straight line or a circle. 

I I I I, f. I, 11 .1 ,1 .l.U.i. I 1 i- 



Q R U 



AB is a portion of a straight line, or a 'circle, which is 
divided by straight lines at right angles to it into any number 
of equal parts. CD, the Vernier, is another scale which 
slides along AB when AB is a straight line, and revolves 
round the centre of AB^ when it is a circular arc. 

If it be required to subdivide each of the divisions of 
AB into n equal parts, take QM ^n -I of these parts, 
and divide QM into n equal parts by straight lines at right 
angles to it, — the magnitude of each of these parts will be 

.a, if a be the length of a division of AB. 

n 

Let jR, the t^ division from Q, coincide with a divi- 
sion on AB, then 

«^ ^« ^^ w-1 a 

PQ^PR-QR^ra-T. a^r.-\ 

n n 

and the length of PQ, is known. 

Ex. If the original divisions were an inch, and nine 
inches were divided into 10 parts on the Vernier, then 
if the extremity of a line to be measured came to Q9 and 
the inches marked at P were 'p, if the third division of 
the Vernier coincided with a division on the scale, the 

length required would be yp^ — j inches. 
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83. The Spirit-Level is a glass tube DABE of cir- 
cular bore, which is ground into the form of a circular arc 
of very large radius — sometimes 800 feet. It is then nearly 
filled with some fluid, and the ends are closed. 




If the instrument be placed in a vertical plane, and the 
extremities D and E rest on a horizontal surface, the bubble 
{AB) of air left in the tube will be at the highest part of 
it, and if E be gradually raised the bubble will continually 
keep moving towards E*. 

If there be a plane of an instrument, such as a theo- 
dolite, which it is necessary to bring into a horizontal 
position, it is provided with two levels, as nearly equal to 
one another in every respect as possible, which are placed 
at right angles to each other, and permanently attached to 
the plane. The instrument-maker marks the positions of the 
bubbles when the plane is horizontal, and if therefore on 
any occasion the bubbles occupy these positions, the plane 
to which the levels are attached must be horizontal. 

If the plane be inclined at any angle to the vertical 
and the positions of the bubbles are noted, then if at a 

* The grinding the bore of a level is done with a plug of metal covered with 
emery. The elasticity of the glass, assisted probably by that of the metal of 
which the plug is formed, enables the workman, by means of pressure on the 
outside, to wear away any particular portion of the interior surface he chooses. 
If, after the grinding is finished, the bubble be found to be always of the same 
length, and to move through equal lengths of the tube for equal increments of 
inclination, the bore of the tube b uniform, and the form of the tube truly 
circular. 

If 2 be the length through which the bubble moves in consequence of an in- 
crease of n" in the inclination, (n being a small quantity,) the radius of the 

circular arc = !-rr7- = -x 20625. 

n.sml' n 

Ether is the best fluid with which levels can be filled; because in ether the 
bubble is found to come into a state of rest in the shortest time after a sudden 
displacement of it. 



second observation they occupy the same poBitions, the plane 
will have the same inclination to the vertical which it had 
before. 

84. To level between two points. 

For the purpose of finding the altitude of one point 
above another point, a level is attached to a telescope, and 
so adjusted that when the bubble is at the middle of the 
level, the optical axis of the telescope is horizontal. 

If there be two staffs set up, JB, 
CD, and when the instrument is at J, 
and its axis horizontal, the point C be 
seen on the cross wires, and if when the instrument is placed 
at D with its axis horizontal, E be seen on the cross wires, 
then by measuring JB and CD, we find AB + CD, or EF, the 
altitude of E above the horizontal line JF passing through J. 
The operation can be repeated as often as it may be necessary. 

85. The Theodolite. This is ah instrument for mea- 
suring the angular altitudes of objects above a horizontal 
plane, and the horizontal angle which two objects subtend 
at the observer's eye. 

The accompanying figure is an elevation, — that is, a 
projection on a vertical plane by lines perpendicular to the 
plane, — of a Theodolite of a very excellent construction, 
made by Robinson, of London. 

The two circles / and K fit close 
to each other, the lower one having 
attached to it three horizontal bars, ^ 
making angles of 120*" with each other, 
on which the instrument rests. The 
feet of the instrument are three screws 
MMM working in the bars, and by 
moving these screws in one direction 
or the other, the planes of the circles 
/ and K, which are parallel to each ^ 
other, can be brought into a hori- ' 
zontal position. 
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The upper circle / is graduated, and revolves with the 
utmost possible nicety upon the lower circle by means of 
an axis attached to the upper circle, and working within 
the collar L which forms a part of the frame of the instru- 
ment. The circle K has two Verniers engraved upon it, 
and in the best instruments the divisions are read off by 
microscopes attached to the Verniers. 

To the revolving circle, which is called the limb of 
the instrument, two levels at right angles to each other are 
attached. 

To this circle also two stands are fixed, one of which 
DOE is here represented, supporting an axis parallel to the 
revolving circle /. To this axis a circle ABC is permanently 
attached at right angles to it, and a telescope is fastened 
to the circle, with its line of collimation perpendicular to 
the axis. With this axis the circle and attached telescope 
revolve in such a manner that the whole can turn com- 
pletely round, without touching the limb of the instru^^ 
ment. The rim BB of the circle is graduated, and there 
are two Verniers, A and C, unconnected with the axis, 
but carried by a support which is seen to enter the circle 
/ at F. 



86. To explain how the Theodolite is ttsed. 

The two circles / and K are first rendered horizontal 
by lengthening or shortening the screw feet. The limb 
is then turned round upon the lower circle till the plane 
of the vertical circle passes through the object whose alti- 
tude is required, and the axis carrying the vertical circle 
is made to revolve, till the observer, on looking through 
the telescope, perceives the object on the cross wires with 
which the telescope is furnished. The graduations at the 
points of the rim of the vertical circle which are opposite 
to the beginning of the scales engraved on the Vernier 
plates are then read off. 
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Next, without touching the axis to which the telescope 
is attached, let the limb revolve through 180°. The plane 
of the vertical circle again passes through the object, but the 
direction of the telescope {A'B') is now as much 
depressed below the horizon as it was before b^ 
{AB) elevated above it. Let the vertical circle 
be turned with its axis in the direction A'AB till 
the object is again seen on the cross wires of 
the telescope; — A'B^ is therefore brought into 
the same direction {AB) that it had at the first observation. 
The graduations are again read off at the Verniers, and the 
number of degrees marked on the arcs AA\ BB' of the in- 
strument, which are the arcs that have passed between the two 
Verniers, is four times the zenith distance of the object. 

Let O be the real centre of the graduated circle, then 
twice the zenith distance is BPJ^y or APA' ; join BA\ AS ; 

.'. 4 X zenith distance = BFBt + APAl 

= PAS + PSA + PBA + PAB 

= BAS^ ASA + ABA'^ SAB 

= 2 BAS + ^ABA' = BOS -{-AOA; Euclid in. 20. 

= sum of differences of readings at 
the Verniers at the two observations. 

It appears therefore that any errors arising from the axis of 
rotation of the circle not coinciding exactly with the centre of its 
graduation are in this manner avoided. (Astronomy, Art. 17.) 

To observe the horizontal angle, between two objects, 
the limb of the Theodolite is made horizontal, and the 
angle is noted, (by four readings off, as in the last case), 
through which the limb revolves to bring the two objects 
successively on the cross wires of the telescope. 



*K 
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87- The Repeating Cibcle was the instrument used 
in the French surveys for observing the angles. The ob- 
servations, however, which are made by it, are of questionable 
value, for this reason, — that although the errors of imperfect 
graduation may possibly, as they are probably, destroyed by 
repeating the observations and taking the mean of them; 
yet, for any thing that can be known to the contrary, the 
errors arising from the inability of the observer to distinguish 
the position of a point with perfect exactness, may have been 
going on all the while continually accumulating. 

The construction also of the Repeating Circle is such, 
that it is scarcely possible that instrumental errors arising 
from instability can be avoided entirely, or nearly so. 



CHAPTER VII. 

ON (l.) THE SMALL CORRESPONDING VARIATIONS OF THE PARTS 
OF A SPHERICAL TRIANGLE^ AND (ll.) THE CONNEXION EXIST- 
ING BETWEEN SOME FORMUL^G IN SPHERICAL TRIGONOMETRY^ 
AND ANALOGOUS FORMULiG IN PLANE TRIGONOMETRY. 



I. Thb process of Differentiation can be applied to de- 
termine the errors introduced in determining the other parts 
of a Spherical Triangle from three given parts, when one of 
the given parts is affected by a small known error. 

88. If C and c remain constant^ the corresponding 
variations 5a, hh of the other sides are connected by the 
equation^ 

Sb . cos A + 5a . cos B = 0. 

Considering C and c constant, we have by differentiating 
the formula, 

Cos C . sin a . sin 6 = cos c — cos a . cos 6, 
cosC.{co8a.sin6 + £^^6.cos6.sina| = sina.cos6 + d^6.sin6.cosa; 
,*. cos C . {5a . cos a . sin 6 + 56 . cos b . sin oj- 

a= 5a . sin a . cos 6 + 5& . sin 6 . cos a, nearly ; 
,*. as 5a . { sin a . cos b — cos C . sin 6 . cos a] 

+ 56 . { sin 6 . cos a — cos C . sin a * cos 6| 
= 5a. cos S. sine + 56. cos -4. sine; by (iv). ' 

.-. = 5a. cos5 + 56.C0S-4. 

This method is always applicable. A small spherical 
triangle is however frequently treated as a plane triangle 
after the following manner, particularly in establishing for- 
mulae for calculating the corrections used in Astronomical 
investigations. 
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89- If c, the side opposite the right angle in a right- 
angled spherical triangle, receive a small known increment, 
to determine the corresponding increments of the sides en^ 
closing the right angle. 

Let AB^c, BD^Sc, ^BAC^w. 
Draw DE perpendicular to AE, and let BF 
be an arc of a small circle which has the same 
pole as ACE\ — BF is therefore parallel 
to AE, and perpendicular to DE. 

Now, considering BDF as a small plane triangle, 

BF 

-^ = cos DBF = sin ABC. 

cc 

(For since /.CBF=^9QP, j^ABC ^9GP- /,FBD); 

Q cos w 

.*. BF * cc . -r- , by Napier's rules. 

cos BC J ^ 

9i^ ^ ^^ ^mr, BF . ,. COS C0 

.-. 1{AC), or C£,= --, Art. 15. =5c.7 -— (i). 

cos BC (cos BCy 

Again, 

S(BC) = FD^ Sc.&nDBF 

s Sc. cos ABC = Sc. sinw. cos AC (2). 

Cob. If (o be constant, it will be seen that 

{^(AC) has its greatest value, when BC is the greatest. 
SiAC) least , when BC^CP. 

( S(BC) has its greatest value, when AC^CP, or 180®. 
\^{BC) least , when AC^g^P- 

This result shews, that if the Sun'^s daily motion (Sc) 
in longitude be nearly constant, as it is in fact, his greatest 
daily change in Right Ascension, h(AC), is at the solstices, 
and his greatest daily change in Declination, S(BC), is at 
the equinoxes ; and his least daily changes in Right Ascension, 
and in Declination, are at the equinoxes and solstices re- 
spectively. 
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Also ; since when BC and AC are small angles, the varia- 
tion in magnitude of their cosines is then the least, it appears 
from (l) and (S) that the daily change both in right ascension 
and in declination is more nearly proportional to the change 
in longitude, (that is, to the time), when the Sun is near 
the equinoxes than when he is in any other part of his ap- 
parent orbit. (See Hymers' Astronomy, Art. 141.) 

sin A sin a 
II. 90. From the formula^ —. — rr = -t-t- , which is true 

smB sinb 

for a spherical triangle^ to deduce an analogous formula for 

the case of a plane triangle. 

Let a', 6' be the lengths of the arcs subtending the 
angles \^ and B; r the radius of the sphere. 

-,, sin ^ r r 2.3' t^ 

^•^ SSB = -T = 7 — T-P 

Sm — r — — • — 5" + • • • 

r r 2.3 r" 

i_JL ?!! 

2.3 r" 

And if a' and 6' are indefinitely small compared with 
the radius of the sphere, this formula becomes 

sin A a' 
sin B 6' ' 

a property of plane triangles. 

91. In any spherical triangle^ 

m ^ / J TIN sin 4- (a - fc) C 

Tan4-(J-fi) = -,— f^ -(.cot-; 

^ sin^(o + 6) 2 

to deduce the analogous formula in Plane Trigonometry. 
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As in the last example, 

sin^(g-6) :^{a'-b') 
sin^ (a + 6) ~ i- (o' + 6) ' 

(when the sides are indefinitely small compared with r), 

a' - b' 
"a' + 6'' 

Now in a plane triangle, -; — — = -7 ; 

sin5 6 

d - 6' sin ^ — sin B tan -J- (^ — JB) 
a + y sin ^ + sin £ tan \(A ■\' E) 



' • • 



C 

and tan^(J + S) = tan-i-.(l80°-C) -cot-; 

... Tani(^-5) = ^.cotf , 

which agrees with the result just obtained. 
Cor. In the same manner 

Tani(J+fi) = ^-^^i^.cot^, 
*^ ^ cos-i-(a + 6) 2 

C 

will be found to reduce to Tan^(J + 5) = cot — , when the 

sides of the spherical triangle are indefinitely small com^ 
pared with the radius of the sphere. 

92. After the same manner, the formula 

CosJ= —J-, 

may be deduced from 

cos a — cos h . cos c 



Cos^= 



sin 6 . sin c 
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93. Peob. If two arcs of great circles intersect each 
other in a small circle^ the product of the tangents of the 
semi-segments of the one is equal to that of the tangents 
of the semi-segments of the other. 

Let ABi CD be the arcs intersecting in 
jB, a point within the small circle whose pole 
is P; FEPG an arc of a great circle through 
E and P; PQ perpendicular to AB. 

Then AB is bisected in Q, and APQ, BPQ 
are equal triangles in every respect. 

Also PA = PB^PF^PG. 
By Napier's rules, 
Cos PE = cos EQ . cos PQ, and Cos P^ = cos ^Q . cos PQ ; 

cos EQ - cos -4 Q cos PE - cos PA 

• , _ ^^^ , • 

cos EQ + co^AQ cos PE + cos PA ' 

. . tan i {AQ+EQ) . tan ^ (^Q-£Q)= tan ^ {PA+PE) . tan ^ {PA-PE), 

or taniJ5£.tan^£^ = tan^G£.tani£JP = tan^CJ5:.tan^£A 

in like manner. 

CoR. Expanding these tangents by the formula 

9 ^ ^ 

^ ^ sm 2.3 

Tan0= = —1 

cosd ffi 

1 + ... 

2 

* 2.3 ^ ^ 2 * 

we shall have, if a, h represent the lengths of the segments 
of the arc AB^ and c, d represent the lengths of the seg- 
ments of the arc Ci5, and these quantities be indefinitely 
small compared with the radius of the sphere, 

ab = cd; 
which agrees with Euclid iii. 35. 



CHAPTER VIII. 

ON REGULAR SOLIDS. 



94. Def. (l). A polyhedron is a solid bounded by 
plane rectilinear figures. 

If the bounding surfaces be any similar and equal regular 
rectilinear figures, the polyhedron is called a regular poly- 
hedron. 

(2). A tetrahedron is bounded by four equal and equi- 
lateral triangles. 

(3). A hexahedronj or cubei is bounded by six equal 
squares. 

(4). An octahedron is bounded by eight equal and equi- 
lateral triangles. 

(5). A dodecahedron is bounded by twelve equal and 
equilateral pentagons. 

(6). An ico8ahed/ron is bounded by twenty equal and 
equilateral triangles. 

It will be proved hereafter that no more regular poly- 
hedrons exist than these five. 

95. In any regular polyhedron^ if 

F = number of faces ^ 
E = nwmh^ of edges,, 
S = nwmber of solid angles^ 
m = number of sides in each face ; 
then 2 E = mF, and S + F = E + 2. 
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(l), Since every edge is made by two sides, the whole 
number of sides in the polyhedron is 2£, and this 

= number of faces x number of sides in a face, 

(2). Take any point within the polyhedron as the centre 
of a sphere whose radius is r, and join it with each of the 
angular points of the polyhedron. Let the points in which 
these lines cut the surface of the sphere be joined by arcs 
of great circles, so that the surface of the sphere is divided 
into as many polygons as the polyhedron has faces. The 
Area of one of these polygons described on the sphere, 

Trr^ Jangles of the polygon | 

" 180° ' \ - (number of sides of polygon - 2) . 180° j " 

Art. 64. Cor. 2. 

.-. Area of all these polygons 

angles of all the polygons on the sphere 1 
(number of all the sides - 2 F) . 180° J 



irT^ fan 
^ 180°'\- 



. {*S'.360-(£-iP).360} 



^180 

= 27rr2.(*S'-£ + F). 
But Area of all the polygons = area of sphere = 47rr'; 

.-. *?-£ + /' =2, 

And S+F = E-r2; 

(A result evidently true whether the polyhedron be regular or 
irregular.) 

96. The sum of all the plane angles which form the 
solid angles of a polyhedron = (S - 2) . 360°. 

For the plane angles s sum of all the interior angles of each face. 

= F . (m - 2) . 180° Eucl. I. 32. Cor. 1. 

^(E-F). 360° 

Art. 89. 



^{S" 2) . 360° 
*L 



. 
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97- T^o prove that 



2(mH-n)~mn' '"2(m+n)-mn' "■2(m+n)-mn ' 

ti;Acre m awcZ n arc respectively the number of sides in every 
face, and the number of plq,ne angles in every solid angle. 

Since every face has to plane angles, 
.-. number of angles forming all the solid angles = w j^, and .-. = Sn. 
Hepcp Sn = mF = ^E, Art. SQ- 

and *y -f F «= i; 4- 2, Art. 89. 

\ m 2r 



2(WI -f W) -WW 



98. rAerc caw fee but Jive regular polyhedrons. 

In any regular polyhedron, m, w, S, F, E must each 
be positive integers. 

In order that the values of S, F, £, obtained in the 
last Article, may be positive, 2(m + w) must be greater 
than WW,— and that they may each be integral, 4w, 4w, 
2m w must be severally divisible by 2(m + w)-ww. 

Now if 2(m + w) be greater than ww, 

111 111 
— +->-, or > . 

m w 2 w 2 w 

But w cannot be less than 3 ; 

1 111 
••• - cannot be so scaall as , or -; 

^ 2 3 6 

Therefore, since m cannot be less than S, it can only be 3, 4, or 5. 



m 



Similarly, since - > , and m cannot be less than 3 ;: 

n 2 m 

.*. the values of n can only be 3, 4, or 5. 

On trial it will appear that the only values of m and n 
which satisfy all the required conditions are the following. 
Each regular solid takes its name from the number of its 
plane faces. 
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n. 


S. 


E. 


F, 


Name of the Re^nilar Solid. 


3 
4 
3 
5 
3 


3 
3 
4 
3 
5 


4 
8 

6 

20 
12 


6 

12 
12 
30 
30 


4 

6 

8 

12 

20 


Tetrahedron. (Regular pyramid.) 

Hexahedron. (Cube.) 

Octahedron. 

Dodecahedron. 

Icosahedron. 



CoE. If 2(m-f7i) = win, *?, £, and F^ become infinite 
quantities, and the solid itself becomes a sphere. 

99. If 1 he the inclination of two contiguous faces ^, 



1800 



cos 



then^ Sin - = 

2 



n 



or = 



sm 



180' 



m 



cos(|.90»] 
«in(|.90o) 



Let C and B be the centres of two 
adjacent faces whose common ' edge is JB ; 
bisect JB in D, and join CJy CB. CI> 
and ED are manifestly perpendicular to ABy 
and .-. lCDE^L 

Ift the plane CDE, dtaw CO and EO 
at right angles to CD and JBZ) respectively ; 
let these lines meet in O ; join OA^ OB^ OD. 

About O as centre describe a spherical 
surface which is cut by the planes AODy 
DOC J CO A in ad, dc, ca. 
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Now since AB is perpendicular to CD and to EDy it 
is perpendicular to the plane CDE^ and therefore the plane 
AOB^ in which AB lies, is perpendicular to the plane COE\ 

.'. z.adc is a right angle, 
And 

/cadss 180°-=- number of edges which meet in a solid angle 

= 1 80" -f- number of plane angles which meet in a solid angle^ 

180° 

«■» • 

— 9 

{-J- z which each side of a plane face | 1 s60° 180° 
subtends at the centre of the face ) 2 m m 

Now by Napier's Rules, 

Cos / cad 3= cos dc . sin z acd^ 

180° , . 180° 

.*. cos = cosac.sm ; 

n m 

and cos a c = cos JJOC = cos 

2 

* cos ^ (180° - CDE) « sin - ; 
180° 



cos 



.-. Sm- = 



2 .180° 

sin 

m 



2E 2jB 

Again, Since n = — , and m = — , Art* 89, 



si.(|.90') 



S 

9S I 

.•. Sin- = - 
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loo. To find the radius of a sphere inscribed in a re- 
gular polyhedron. 

OC = OjE, ( = r), is this radius. Let AB = 2o. 



180° 

Then CD = AD .cot ACD ^ a .cot ACD = a .cot ; 

m 

And r *= C2> . tan C/>0 



Ct> . tan - 

2 



/ 180° 

= a . tan - . cot 

2 m 



101. To find the radius of a sphere deseribed about a 
regular polyhedron, 

OA^OB, (--ft)? is this radius. 

180° 180° 
And r ^ R . cos ac = R . cot acd, cot cad — R * cot .cot , 



m n 



180° 180<> 
.'. i( = r. tan .tan 



m n 



1 180° 

=^ a . tan - . tan . Art. 9^. 

2 n 



102. If 2 a, or an edge of the polyhedron, be given, 
and we apply the formulae of the two preceding Articles 
to determine the values R and r in the five regular poly- 
hedrons, we shall arrive at the same values for both the 
hexahedron and the octahedron, and for both the dodecahedron 
and the icosahedron. Hence each of these pairs of regular 
polyhedrons may be inscribed in, or circumscribed about, the 
same sphere; — each of the polyhedrons in the pair having 
the same edge. 
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103. To find the volume of a regular polyhedron. 

From O in fig. Art. 93, draw OJ, OB, &c. to all the^ 
angles of the solid, which will thus be divided into F pyra- 
mids, whose common altitude is r, and commoil base, being 

the area of a face, = m.a. CD = m.a.r. cot - ; Art. 94. 

2 

.*. whole volume ss -./'.in. a. r*. cot-. ' 

3 2 

= - . F . w. tan - . ( cot 1 . fl'. Art. 94.. 

3 2 V m / 

CoE. Therefore, Volume oca^ in similar polyhedrons. 

104. In a parallelopiped, given the three edges which 
meet, and the angles between them, to find the altitude, 
surface, and volume, of the solid. 

Let AO, BO, CO be the 
three edges meeting in the point 
O, and let 

/.BOC^A, z.AOC=B, aAOB^C. ^ 

OA = a, OB^b, OC=c. 

S=^{A+B+C) 

CD perpendicular to plane A OB, Join OD, BD, DA. 

About O describe a spherical surface which is cut by 
the planes AOB, BOC, COA, DOC, in ab, be, ea, dc. 

Then, the angles at d being right angles, 

sin dc ^ sin aa . sin dac 

or sin DOC = sin 5 . sin dac ; 

2 




And Sindac= 



sinS.sin'c-^^''"'^-''"^'^^^^"'^"^*''"'^^-''''^*^'"^^^' 

by (xix.); 



2c 



.-. 2)C==c.sinjDOC=-;-~.V'{sin5'.sin(5'-^).sin(5'-£f).sin(5'-C)}. 



smC 
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The Surface, = 2 . [be .sin A + ac. sin B +ab» sin C\ . 

f Volume of rectangular parallelopiped on 
The Volurae «= < • * , % » -, 

[ the same base, and of the same altitude, 

= area of base x altitude. 

Euclid XI. 31. 

= 2a6c. y^{sin*y.sin(*S-J).sin(*y-Jff).sin(AS'-C)}. 



106. The same things being given, to determine the 
diagonal which passes through the solid angle O. 

Let D be the diagonal required, and let OdD in the 
fig. Art. 98, now be the direction of the diagonal of the face 
AOB, Let this diagonal = d. 

Then d^ = a^H- 6^ H-2o6. cos C, 

and L^^n^^d^ -^cd . cos (l8(y> - DOC), 
= c^H- cP + 2cd. cos Z)OC, 
= aV6*+c^ + 2cd.cosZ>OC + 2a6.cosC. 

Now 
Cos DOC — cos cd = cos ac . cos ad + sin ac . sin ad . cos bac 

cos A — cos B , cos C 



= cos B . cos ad + sin £ . sin ad . 



sin £ . sin C 



- — -. JcosjB. sinC.cosad -cosB.cosC.sinad +cos^ . sinad^ 



smC 

1 



sin C 



. |cos S . sin (C - ad) + cos A . sin ad| 



~~-z . {cos J? . sin BOD + cosA. sin AODl. 
sm C ^ 
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a sin BOD , b sinAOD 

But - = — : , and - = ; 

d sinC d sin C 

^ ^ ^ ^ » • cos B + b, cos A 

.-. CosJDOC = 3 . 

d 

And 2>* = a* + V + c* H- 26c . cos ui + 2ac . cos -B -f 2a5 . cos C» 

Cob. 1. At the solid angle C, 
The cosine of the angle between c and 6 = — cos COB = — cos 4, 

c and a = —cos J? 

a and 6 = cosC; 

Therefore the diagonal through C 
= a*+ 6^ + c^ - 266' . cos ^ - 2ac . cos jS + 2a6 . cos C 

Similarly, the diagonals through the other solid angles 
B^ and A^ are, 

a* + 6^ + c* - 26c . cos A + 2ac. cos S — 2o 6 . cos C, 
«* + 6* + c* + 26c . cos -4 — 2 ac . cos B + 2ab. cos C 

Cob. 2. Hence it appears that the sum pf the squares 
of the four diagonals 

= 4(a*+6*+c*). 



EXAMPLES. 



1. If two arcs of great circles intersect at right angles 
in a point in the circumference of a small circle, then if 
one of them touch the small circle, the other bisects it. 

2. On the surface of a sphere draw a great circle passing 
through a given point, and touching a given small circle. 

IN A EIGHT-ANGLED SPHERICAL TRIANGLE, C BEING 

THE RIGHT ANGLE. 

3. 2 COS c = COS {a + b) + cos (a — b). 

4. Tan ^ (c + a) . tan i (c - a) = (tan 1 by. 

5. (Sin ^ cy = (sin ^ a . cos 1 6)* + (cos ^ a . sin ^ bf. 

6. (Sin b . cos a)^= sin (c + a) . sin (c - a). 

' 7. If there be two right-angled spherical triangles 
ABC9 A1E(C\ having the angle A common to both, 

Tan ^ (a + a ) . tan ^ (c - c ) = tan ^ (a - a ) . tan ^ (c + c'). 

8. If a, /3 be the arcs drawn from C, respectively per- 
pendicular to c, and bisecting c; 

-J cos a + cos 6 

Cota = V{(cota)V(cot6)'}; Cot^= -^^^^^^^^^,3^^^ 

Sin£= ^™^ 



2 y^{H-(sina)^}' 

IN ANY SPHERICAL TRIANGLE. 

9. If each of the three sides be quadrants, and o, )3, 7 
be the distances of a point within the triangle from the angular 

points ; 

(coso)^+ (cos)3)^+ (0057)^= 1. 

*M 
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10. If d be the length of the arc which bisects C9 and 
is terminated by the opposite side. 

Tan d . sin (a + 6) = 2 sin a . sin 6 . cos ^ C 

11. If a and h be nearly equal,- 
a=^(a+6)+tan^(a+6).tan^(^-5).cot^(^+i?), very nearly, 

12. If one angle of a triangle, plane or spherical, be 
equal to the sum of the other two angles, the greatest side 
is double of the distance of its middle point from the opposite 
angle. 

13. Find the locus of the vertices of all right-angled 
spherical triangles which have the same hypothenuse; and 
from the equation prove that, when the radius of the sphere 
is infinite, the locus is a circle. 

AREAS. 

14. By an arc drawn from an angle to the side opposite, 
divide a given triangle into two others whose areas are in a 
given ratio. 

15. The sides of a spherical triangle lire each 111^28'; 
find its angles, and shew that its area = ^ surface of the 

sphere, (l 1 1^ 28' = 2 x 55\ 44', and Tan i {55\ 44') = \/2). 

16. If E be the spherical excess, 

^ , -^ cot Ja. cot ^6 4- cos C 

Lot -s ii' = ; — — , 

'^ sm C 

1 + cos a 4- cos h + cos c 
or = 



Cos1JE; = 



2 V" {sin ^y. sin (*? - a) . sin {S-h) . sin (*S-c)| 
1 -♦- cos a + cos h + cos c 



^ 4cos^a. cos-^6. cos^c 



T 1 1 T^ tan^6.tan^c.sin^ (tani6.tanicV.sin2-4 

In seconds, i E = ^ — ; — % ^^ ^ r-^ 

'^ sml sm2 

(tan ^ 6 . tan ^ cf. sin 3 A 
sm 3" 
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17. Determine the area of a spherical triangle from the 
data a, 6, C ; and shew that if a and b be constant, and also 
n + h he less than tt, the area admits of a maximum value. 

18. The angles of a spherical triangle, of which the 

7 
area is — .nr% where r is the radius of the sphere, form 

an arithmetic progression whose common difference is 45^. 
Find them. 

19. If the sides AC, BC of a triangle be produced to D 
and £, points such that tan ^^C. tan -J jBC= tan ^2>C tan ^jBC, 
and DE be joined by an arc of a great circle, the triangles 
ABC, CDE are of equal area. 

20. If S be the surface of a spherical triangle whose 
angles are each 120®, and S" that of its polar triangle, 

Tan-^iS : Tan i *S" = 6 \/2 + \/3 : 2\/i-\/i. 

21. If a be one of the n sides of a regulai: spherical 
polygon, its surface {S) may be found from the equation 

^ TT^^S w a 

Los — = cos — . sec - . 

n n 2 

22. The spherical excess of a triangle is l"*5. Find 
its area, the radius of the Earth being taken to be 7757 
miles. 

23. If the three sides of a spherical triangle measured 
on the Earth^s surface, be 12, 16, and 18 miles, find the 
spherical excess. 

24. A plane triangle whose sides are a, 6, e, is placed 
in a sphere of radius r. Prove that the angle between the 
arcs of the great circles of which a and b axe the chords 
is a right angle, if 2r . \/(a^ -f 6^ - c^) = ab. 

25. If P he the pole of the small circle circumscribing 
a triangle ABC, prove that z APB is double of the angle 
between the chords oi AC and BC, 
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26. If i be the inclination of a plane to the horizon, 
and a the inclination of a line in it to the intersection of 
the plane with the horizontal plane, the inclination 9 of the 
line to the horizon will be found from the equation 

Sin d = sin i . sin a. 

27. If Z be the zenith, K the pole of the limb (which 
is not ecoactly horizontal) of a theodolite, and S be an object 
whose azimuth is observed, the error is known from the 
equation, 

z SKZ - jlSZK = ifZ. cot SK.sinSZK. 

28. If Z be the zenith, K the pole of the circle of a 
theodolite, which is not exactly vertical, and KZ be pro- 
duced to CZ till KQ is a quadrant, then if S be an ob- 
ject whose zenith distance is to be observed, the error of 
observation is known from the equation, 

SQ - *yZ, = cot SQ. sin 1 QZ. 

29. Given two sides, a and 6, of a triangle, plane or 
spherical, and the included angle C, to find the variation 
produced in A corresponding to a small given variation in C. 

30. If a solid be bounded by plane figures, of which 
some have an odd, and some have an even, number of sides, 
shew that there must be an even number of those faces which 
have an odd number of sides. 

31. If r^R be the radii of the spheres described within 
and about a regular tetrahedron, r,R^ the radii of the spheres 
to which the edges, and one face and the planes of the three 
others produced, are respectively tangents, prove that 

r'=V^, and R'^y/^TR. 

32. Given the six edges of a triangular pyramid, to 
find its volume. 

33. Of all triangular pyramids of given volumes, the 
regular tetrahedron has the least surface. 



■ 
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